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Gyroid surface lattices of different density exhibited Young’s modulus consistent with stretch-
dominated extremal behavior approaching the Hashin-Shtrikman upper bound. Gyroid lattices
exhibited a Poisson’s ratio of 0.34 +0.06 independent of direction, independent of specimen diameter
and independent of chirality. This behavior is in contrast with prior chiral lattices that exhibited
pronounced size effects in Poisson’s ratio, allowable for chiral elastic solids.

PACS numbers:

INTRODUCTION

Cellular solids include honeycomb, foams [1], and lat-
tices. Honeycombs, which have a two-dimensional re-
peating structure, are widely used in lightweight struc-
tures; foams have a three-dimensional structure in which
the cells are not identical and which do not repeat spa-
tially. Foams comprised of rib elements are open-cell and
allow flow of fluid between the cells; foams with plate or
membrane elements are closed cell. As for mechanical
properties, honeycomb deformation out of plane is domi-
nated by stretch or compression of cell walls, so the mod-
ulus F varies with density p as EE = [2], in which Ej
is the modulus of the solid material of which the foam is
made and p; is the solid density. Honeycomb deformed in
plane is much more compliant than out of plane because
the plate elements in the cell walls bend, E x [pLP Ribs

in foams are bend dominated [1] so EE x [ﬁ]Q. Foams
of low density are therefore much less stiff than the solid
material from which they are made.

Lattices have a structure that repeats in space. As
with foams, lattices may contain rib elements or surface
elements. Lattices made of rib elements are called rib
lattices or truss lattices. The surfaces in surface lattices
may be thin flat plates, which can admit simple analysis,
or curved surfaces. Lattices, depending on the direction
of load, may obey [—] and therefore provide con-
siderably greater stlffness than foams of the same density,
made of the same solid material. Surface lattices includ-
ing the gyroid were originally introduced [2-5] for their
potential in structures of light weight and high stiffness
and strength. The gyroid surface can be described [6] by

sin2mycos2mz + sin2mwzcos2mx + sin2rxcos2my =t (1)

with ¢ as a constant. The gyroid lattice with ¢ # 0
was shown to exhibit elastically chiral response [7]: an
axial compression gives rise to a torsional deformation,
squeeze-twist coupling. This response is nonclassical and
is related to characteristic length scales in the material. If

these length scales are sufficiently small, the material be-
haves as a classically elastic continuum. In the present re-
search, the gyroid lattice is studied further to explore size
effects in Poisson’s ratio and compressive elastic modu-
lus; also the effect of density.

The gyroid is a shell lattice with cubic structural sym-
metry. As with other shell lattices, its stiffness and also
its strength is superior in comparison with rib lattices
(also known as truss lattices) and much stiffer than foams
made from the same solid material. Lattices comprised
of flat plates can also offer high properties. Simple cubic
plate lattices offer high properties in principal directions
but they are anisotropic. Elastically isotropic plate lat-
tices with superposed simple cubic and body centered
lattices [8] have been theoretically shown to approach
extremal properties at low density. However such plate
lattices compartmentalize space into sealed chambers, a
disadvantage in some applications. The gyroid lattice
contains communicating porosity that has been exploited
in biomaterials studied for tissue ingrowth [9, 10].

The gyroid lattice approaches the maximum stiffness
allowed by the Hashin-Shtrikman bounds. Exact attain-
ment of these bounds is possible in hierarchical material
structures with an infinite range of length scales. For
example, a hierarchical coated sphere structure with a
distribution of inclusion sizes can attain the bulk modu-
lus bound [11] and a hierarchical laminate [12] can attain
the shear modulus bound. Because the gyroid does not
have the complexity of a hierarchical material, its prop-
erties are particularly impressive.

The gyroid has been studied in many settings. For ex-
ample, gyroids occur via self assembly [13]. They occur
naturally on a fine scale in butterfly wings and give rise to
color effects [14]. Optical characteristics of gyroids have
been studied in vanadium pentoxide [15]. Gyroids have
been observed on a fine scale in block copolymers [16, 17].
The gyroid and other periodic surfaces have been studied
in the context of crystallography [18]. The gyroid struc-
ture appears in micro-emulsions [19] that exhibit phase
segregation.



The gyroid lattice has cubic structural symmetry. The
degree of elastic anisotropy is revealed by the Zener ratio
Z = &bf”) with G as shear modulus and v as Pois-
son’s ratio. For the gyroid with ¢ = 0, Z = 0.99; for
perfect isotropy Z = 1. So this gyroid exhibits elastic
isotropy. With only 1% deviation, this gyroid exhibits
elastic isotropy within experimental uncertainty. Elastic
isotropy simplifies design and is advantageous for many

applications.

MATERIALS AND METHODS

Gyroid polymer lattices were designed and prepared
via additive manufacturing (3D printing). Gyroid lat-
tices were made with a surface wall thickness of 0.4 mm
and a cell size of 6 mm for cylinders. Cube specimens
were made with a cell size 10 mm and different wall thick-
ness to achieve different density. The lowest density cube
had a wall thickness of about 0.6 mm.

The gyroid lattices were made as follows. The sur-
face in Equation 1 was expressed in MATLAB. A 3D
point cloud associated with the surface was extracted and
was saved as a STL (stereolithography) file. Thickness
was added via Blender software, and end caps for cylin-
ders made using Solidworks software. The file was post-
processed with Netfabb software for export to a EOS
P760 3D printer. Cylindrical specimens were prepared
with length twice the diameter; for these, the ratio of
lattice density to the solid density was p/ps = 0.21 for ¢
= 0 and 0.195 for ¢ = 0.6 and -0.6.

The solid constituent was a nylon polymer PA 2200
of density ps = 0.98 g/cm3, Young’s modulus E, = 1.6
GPa and Poisson’s ratio 0.4. Gyroid cube specimens 60.5
40.5 mm on a side were prepared with densities from 67
kg/m~3 to 324 kg/m~3; they were non-chiral with ¢t =
0. Cylindrical specimens had diameters from 11.90 mm
to 41.5 mm. Cylindrical specimens were made with ¢ =
0 (non-chiral), ¢ = -0.6, and ¢ = 0.6 (chiral). Represen-
tative specimens are shown in Figure 1 and 2.

Compressive load was applied at a constant rate us-
ing a 10,000 pound capacity Sintech test frame up to 1%
strain in the linear domain. The deformation rate was
1.2 mm/ min corresponding to a strain rate of 3.3 x10~*
/sec. Poisson’s ratio of cylindrical specimens was deter-
mined from displacements obtained from digital photog-
raphy. A Point Grey Research camera (GRAS-50S5M-
C) was used. The camera has a resolution of 2448 x
2048 pixels, 5.0 MP total and a pixel size of 3.45 um
[20]. The camera used a Schneider-Kreuznach Xenoplan
1.9/35-0901 lens. Vic-Snap software was used to capture
the pictures. The camera was moved sufficiently close
that specimen image filled most of the frame, to maxi-
mize resolution. The camera was focused on ink marks
made on each specimen. To deal with the resulting shal-
low depth of field, manual focus was used. Cameras with

FIG. 1: Gyroid lattice cube specimens, top left, [100] direc-
tion; top right, [110] direction, bottom center, [111] direction.
Scale bars: 20 mm.

FIG. 2: Gyroid lattice cylinder specimens, left, non-chiral,
right, chiral. Scale bars: 20 mm.

more pixels were tried but limitations in their focusing
capability resulted in poorer images. Images were taken
with focus on the marks at the front of the specimen,
then on the marks on the sides, with and without com-
pression. Deformation was obtained from the digital im-
ages with “GIMP” software. At least 20 measurements of
the image points were made for each plotted data point
in the Poisson’s ratio graphs. Because strain was small,



engineering strain was used in calculations of Poisson’s
ratio and modulus. The density of the cubical specimens
used for the modulus studies was determined from the
measured mass and dimensions of each specimen.
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FIG. 3: Normalized Young’s modulus E/Es vs. normalized
density p/ps of non-chiral gyroid cubes. E; is Young’s mod-
ulus of the solid; ps is the density of the solid.

The dependence of modulus of non-chiral gyroid cubes
on density is shown in Figure 3. Young’s modulus E is
normalized to the modulus of the solid phase F;, sim-
ilarly the density p is normalized to the density of the
solid phase ps. A fit to all the points gave E/E; = 0.243
(p/ps)t1* with a goodness of fit R = 0.997. A fit to the
top four points yielded a slightly better R = 0.9989 with
a slope of 1.014 rather than 1.14. A slope near 1 implies
stretch-dominated behavior. A slope near 2 implies bend
dominated behavior of rib elements [1] and is typical of
foams; a slope near 3 implies bend dominated behavior
of plate elements and is characteristic of honeycomb de-
formed in plane.

It is appropriate to compare the experimental modu-
lus results with rigorous bounds on moduli. The bounds
for two-phase composites assume isotropy and allow ar-
bitrary phase geometry; they were developed using varia-
tional energy arguments. The lower bound for the elastic
shear modulus Gy, is

Vi 2
1 6(K24+2G2)Vs ’ ( )
G1—Ga 5(3K2+4G2)G2

in which K, G1, Vi; Ka, G5 and V5 are the bulk mod-
ulus, shear modulus and volume fraction of phases 1 and
2, respectively. Assuming G1>Gs, then G, is the lower
bound on the shear modulus. Interchanging the sub-
scripts 1 and 2 in Equation 2 results in the upper bound
Gy for the shear modulus. Similarly the lower bound for
bulk modulus is

Gp=Ga+

Vl(Kl — KQ)(3K2 + 4G2)

Ky = Ky + .
L > (BKy + 4Gs) + 3V (K, — Ka)

3)

If the material is a cellular solid such as a lattice, the
lower bound is zero because one constituent is solid and
the second constituent is void space. The upper bound
on the bulk modulus becomes, with interchange of sub-
scripts 1 and 2,

Vo(Ks — K1)(3K1 +4Gh)

Ky =K+ .
VTR BKL +4G)) + 3Vi(Ks — K)

(4)
For a cellular solid, Ko = 0 and Gy = 0. The upper
bound for the bulk modulus is then

(1=W)(—K1)(3K; +4Gh)
(3K1 +4G1) 4+ 3Vi(—Ky)

Ky =K+ (5)
The volume fraction V; of the solid phase of a cellular
solid is the density ratio [£]. The bulk modulus bound,
expressed in terms of the solid Poisson’s ratio, is shown
in Figure 4.

The upper bound for the shear modulus for a cellular
solid becomes

1 1-W)
Gy=—— o ®
6(K+2G)V;
Gr ' —g +sprricic:

The shear modulus of the non-chiral gyroid lattice cylin-
ders with ¢ = 0 was found [7] via a different method to
be G = 46.8 MPa. The shear modulus of the solid is G
= 577 MPa from manufacturer values of F; and v, of the
parent material used for the 3D printing of the lattices.
The initial slope of the Hashin-Shtrikman shear modulus
bound at low density is 0.5, so the shear modulus G is
78% of the upper bound for a non-chiral gyroid of den-
sity 0.21 g/cc. These cylinders were made in only one
density but different diameter and chirality in contrast
to the cubes.

As for bounds, the bulk modulus of the gyroid sur-
face lattice obtained from finite element analysis [9] ap-
proaches the upper bound on bulk modulus for Poisson’s
ratio = 0.2 and for low solid volume fraction. If the
solid volume fraction is 0.5, the gyroid bulk modulus is



predicted to approach the upper bound as the solid Pois-
son’s ratio tends to -1; the bulk modulus is predicted to
be about 80% of the upper bound for solid Poisson’s ratio
0.4. Because Young’s modulus rather than bulk modulus
is measured here, the comparison is indirect.

All the lattices were made by 3D printing, consequently
the printed solid phase has a microstructure that differs
from that of the parent material used as the feedstock.
Typically, properties of the printed solid are somewhat
less than those of the feedstock. It is therefore likely
that the modulus / density performance of the gyroid is
superior to the values inferred.

1
w
X -0.5
>
0.4
0
\ 0 / 1
P ps

FIG. 4: Hashin-Shtrikman bounds on bulk modulus of a cel-
lular solid for different solid Poisson’s ratios (-0.5, 0, 0.2, 0.4).

Size effects in Young’s modulus of gyroid cylinders are
shown in Figure 5. FExperimental uncertainty for the
modulus measurements is comparable to the width of the
data points. Size effects can occur due to distributed mo-
ments in materials considered as Cosserat solids: appar-
ent stiffness increases as specimen size decreases. Non-
chiral solids can exhibit size effects in torsion and bending
but not in compression. If the solid is chiral, size effects
can also occur in compression or tension. Size effects
can also occur in cellular solids with incomplete cells.
Incomplete cells result in a surface effect that lowers the
effective modulus as specimen size decreases. Such a soft-
ening effect is evident in the thinner specimens in Figure
5. The cylinder axis corresponds to the direction [001] in
the lattice.

The non-chiral gyroid cylinder was stiffer than the cor-
responding cube of the same density. The intersection of
free surfaces at the cube edges likely amplifies the soften-
ing effect associated with incomplete cells at the surface.

Poisson’s ratio is shown vs. diameter in Figure 6 for
orientation in a principal direction (0° angle) and in Fig-
ure 7 for orientation in a 45° direction. Angle 0° cor-
responds to direction [100] in the lattice and 45° cor-
responds to direction [110]. Error bars represent the
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FIG. 5: Size effects in Young’s modulus of gyroid cylinders.
The chirality parameter is ¢; ¢ = 0 indicates a non-chiral lat-
tice; t = 0.6, -0.6 are chiral.
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FIG. 6: Poisson’s ratio vs. diameter for each chirality param-
eter t, 0° orientation.

standard deviation; each graph point represents the av-
erage of approximately 20 Poisson’s ratio measurements.
Moreover, Poisson’s ratio is independent of the diameter
within experimental resolution. Poisson’s ratio is also in-
dependent of direction and of the degree of chirality. The
average Poisson’s ratio of the gyroid is 0.34 £0.06 based
on all data points. A plot of average values vs. diam-
eter is shown in Figure 8. By contrast, designed chiral
lattices [22] with oblique rib elements exhibited substan-
tial size dependence of Poisson’s ratio and also a negative
Poisson’s ratio for sufficiently large size. Size effects in



Poisson’s ratio can occur in chiral elastic materials as
predicted using Cosserat elasticity [23].
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FIG. 7: Poisson’s ratio vs. diameter for each chirality param-
eter t, 45° orientation.
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FIG. 8: Poisson’s ratio vs. diameter for each chirality param-
eter t: average of values of the 0° and 45° results.

DISCUSSION

The gyroid is elastically isotropic based on a compari-
son between Young’s modulus, shear modulus and Pois-
son’s ratio [7]. In the present results, Poisson’s ratio
exhibited no significant dependence on direction which
confirms the prior inference of elastic isotropy within the
resolution of the experiments. The gyroid is a surface
lattice that is stretch dominated, so the elastic modulus
is linear with respect to density, not quadratic as it is in

foams. Such behavior is not unique. For low density sim-

ple cubic plate lattices, Eﬂ = %[f]; these are anisotropic
[24]. Elastically isotropic plate lattices at sufficiently low

density [8] approach £ = 1[-£]; also stretch dominated
and approaching optlmal btlﬁflebb Rib lattices of appro-
priate structure can be stretch dominated as well, but
they are not as stiff as plate or surface lattices. Variants
of cubic plate lattices can exhibit a negative Poisson’s ra-
tio, originally reported in foams [25] but via computation
[26]. Such variants exhibit reduced Young’s modulus.

The analysis of the modulus assumes the manufacturer
quote of the modulus of the parent material. The 3D
printed solid phase is usually less stiff than the parent
material [27] used as feedstock. Therefore the modulus
/ density performance of the gyroid is likely to be supe-
rior to the values inferred and closer to the upper bound.
Also, cells of the gyroid are incomplete at the surface.
That can reduce the stiffness for small specimens; spec-
imens of diameter four cells wide or less exhibited com-
pliance due to surface effects [7]. Such surface size effects
are also known in foams [28] but do not occur in lattices
with complete cells. The cube specimens, which have
edges with two free surfaces, may be more vulnerable to
surface compliance than the cylinders. Also, as a result
of limitations in 3D printing, the regime of asymptoti-
cally low density was not approached, so a comparison
with analyses of that regime is precluded. The option of
making the cells smaller is restricted by the resolution of
the 3D printer: the cell walls at the lowest density are
already rather thin. Future advances in 3D printing will
permit smaller surface features and smaller cells. If the
cell size is sufficiently small compared with the specimen
size, the behavior will approach that of a classical elastic
continuum.

The gyroid allows chirality. Chirality has long been
known to play a role in chemistry and in optics how-
ever classical elasticity does not admit any effect of chi-
rality. More freedom is required to accommodate chiral
elastic deformation. Cosserat elasticity [29], also known
as micropolar elasticity [30], provides sufficient freedom.
Cosserat elasticity allows rotation of points as well as
translation, and moment per area (couple stress) as well
as the usual force per area (stress). Cosserat elasticity
admits a characteristic length scale in the theory. Non-
chiral Cosserat solids exhibit size effects in torsion and
bending but not in tension or compression. Experiments
reveal such effects in bone, foams [31, 32] and in lat-
tices [33]. Chiral Cosserat solids are predicted to exhibit
coupling between stretching or compression and twist de-
formation [23]. Stretch twist coupling response has been
observed in bone [34] and in tendon [35] as well as in a
designed cubic lattice [22] and in the gyroid lattice [7].
Analysis of chiral cholesteric elastomers [36] predicted
stretch twist coupling with a characteristic length pre-
dicted to be on the order of 10 nm.

As for potential applications, periodic shell lattices in-



cluding the gyroid have been analyzed in the context of
multifunctional capability such for simultaneous trans-
port of heat and electricity [37]. As described in the in-
troduction, the gyroid structure occurs in block copoly-
mers and butterfly wings. The squeeze-twist coupling
that occurs in chiral elastic solids including the gyroid
[7] may be of use in sensors and actuators.

Chiral Cosserat solids also can exhibit nonclassical size
effects in Poisson’s ratio [23]. Substantial size effects
were observed in the prior cubic lattice [22] but not in
the present gyroid lattice. The detailed role of the non-
classical elastic constants in determining such size effects
remains to be more fully delineated.

CONCLUSION

Non-chiral gyroid lattices exhibited density depen-
dence of Young’s modulus consistent with stretch-
dominated behavior. The modulus is extremal and
approaches the Hashin-Shtrikman upper bound. Pois-
son’s ratio exhibited no significant dependence on
direction, upon chirality, or upon specimen size.
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