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Abstract A nonlinear constitutive relationship was

developed for asphalt binders. Two binders, one
polymer modified and one unmodified, were tested in

shear using creep and recovery loading. Five different

stress levels and four loading times were considered,
to capture the response of the binders in the linear and

nonlinear viscoelastic range. The creep response of
the binders was successfully modeled with a nonlin-

ear power law function. The modified superposition

principle was unable to predict the recovery phase of
the testing data. A nonlinear constitutive relationship

composed of a nonlinear viscous part plus a linear

viscoelastic part was developed. The constitutive
relationships successfully predicted the binders’

response in creep and recovery. The predictions of

the constitutive relationships matched accurately the

response of the binders subjected to the Multiple
Stress Creep and Recovery loading pattern.

Keywords Asphalt ! Asphalt cement ! Asphalt
binder ! Viscoelasticity ! Nonlinearity ! Nonlinear
viscoelasticity ! Constitutive relationship

1 Introduction

Asphalt binders are one of the load carrying compo-

nents of asphalt mixtures for pavements. They are
obtained from the refining of crude oil. They are

produced from the heavy residue after the distillation

of fuels and lubricants. Asphalt binders are visco-
elastic materials. Their response is time and temper-

ature dependent [1, 7, 16]. With higher temperatures

and longer loading times, the asphalt becomes softer
and behaves more like a viscous fluid. With lower

temperatures and fast loads, the asphalt becomes

stiffer and more elastic.
Viscoelastic materials can be linear or nonlinear.

In linear materials, for a specific temperature and

point in time, the strain is proportional to the stress.
This does not hold true for nonlinear materials [20].

Asphalt binders behave as linear viscoelastic mate-

rials for low stress levels and as nonlinear viscoelastic
high stresses. The threshold for the linear region

depends on the composition of asphalt binder, the

loading time, and the temperature [11].
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Because of the random distribution of the particles
inside the asphalt mixture, there are important

variations in the internal stresses (strains) when the

mixture is loaded [21]. Specifically in the binder, the
variations can be significant. Previous research has

shown that the binder strains can vary between 1 and

500 times the mixture strain [17, 18]. For these
reasons, when the asphalt mixture is subjected to

traffic loading, some of the binder performs in the

linear viscoelastic region and some of the binder
reaches the region of nonlinear behavior.

Characterizing asphalt binders in the linear and

nonlinear range is critical for proper material selec-
tion for asphalt pavements. The response of the

material has to be known for the range of stresses and

loading times expected when used inside the pave-
ment. Nowadays, however, the asphalt characteriza-

tion is based on testing carried out with very low

stresses and short times, in the linear viscoelastic
region. Two binders that have similar characteristics

in the linear region do not necessarily behave in a

similar way in the nonlinear region [11]. A charac-
terization of the asphalt binders that includes the

nonlinear region is needed.

In the present work, a nonlinear constitutive
relationship was formulated and validated for two

asphalt binders: one plastomer polymer modified

(Elvaloy", 2% by weight) and one unmodified. The
binders were tested with creep and recovery loading

at different times and stresses, using a dynamic shear

rheometer (DSR) with cone and plate geometry. The
work is part of a more comprehensive research effort

that studied the relationship between binder nonlinear

response and mixture rutting [9]. The temperatures
relevant for asphalt mixture rutting are the high

pavement temperatures. For this reason, the temper-

ature considered for the testing was equal to 46#C,
which is in the high temperature range for pavements.

2 Background

2.1 Linear viscoelasticity

Figure 1 shows the schematics for the creep response
of a viscoelastic material. The strain response

c(t) presents an instantaneous deformation as soon as

the stress s0 is applied at time 0. Then an increase in
c(t) is observed, as s0 is kept constant between 0 and t1.

After s0 is removed, the material shows a recovery in
the deformation, which can be partial or total.

The ratio between c(t) and s0 is called creep

compliance J(t). If the J(t) function is independent of
the stress level, the material is considered linear

viscoelastic.

JðtÞ ¼ cðtÞ
s0

ð1Þ

where s0 is the stress applied, t1 is the loading time,
c is the total strain after loading phase, cr is
the recoverable strain, measured after full recovery

is achieved (long enough resting time), cp is the per-
manent strain, measured after full recovery is

achieved (long enough resting time).

In a linear viscoelastic material, the effect of
combined load is equal to the sum of the effects of the

individual loads. This is known as the Boltzmann

superposition principle [4]. Using this principle,
constitutive relations can be obtained for linearly

viscoelastic materials, which describe the response of

the material due to an arbitrary load history. Equa-
tion 2 is known as the Boltzmann superposition

integral for strain, and it represents the creep response

of a linear viscoelastic material subjected to an
arbitrary stress history s(n), where n is the time

integration variable, and stress starts at t = 0.

cðtÞ ¼
Z t

0

Jðt % nÞ dsðnÞ
dn

dn ð2Þ

t 

Stress 

t1

τ0

Strain 

t1

γr

γp

γ

t 

Fig. 1 Creep-recovery loading and strain response of a
viscoelastic material
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Both the Riemann integral form and the Stieltjes
integral form could be used with step stress histories.

When the Riemann form is selected, as in this paper,

the Heaviside step function is used to mathematically
represent the step stresses.

2.2 Nonlinear viscoelasticity

For some viscoelastic materials the viscoelastic func-

tions depended on the stress or strain level, and the
material is called nonlinear viscoelastic. Superposition

is not valid for nonlinear materials, and obtaining the

constitutive relations becomes more complex. Multi-
ple integral relations are one option, but significant

numbers of tests are usually required to determine the

kernel functions [22]. The nonlinearity can also be
incorporated into a single integral with a nonlinear

integrand, using a modified superposition principle.

This approximation is not as flexible as the multiple
integral representations, but it is accurate enough for

many practical purposes [14]. If several mathematical

conditions need to be satisfied [25], and the creep
compliance is allowed to depend on both time and

stress, a constitutive relation can be obtained for the

nonlinear material with the following form [14]:

cðtÞ ¼
Z t

0

Jðt % n; sÞ dsðnÞ
dn

dn ð3Þ

where c(t) is the nonlinear strain response, J(t,s) is the
creep compliance as a function of stress and time, s is
the stress history function, and n is the time

integration variable. There are other interpretations

for the stress to be considered inside the compliance
function during the unloading phase. Ward et al. [31]

assumed the compliance after t1 to be a result of the

change in stress. Sternstein [29] considered the
compliance after time t1 as a result of the final stress.

Other approaches for characterizing nonlinear

viscoelastic materials have been developed by com-
bining viscoelastic and viscoplastic elements [19, 27,

28]. In nonlinearly viscoelastic materials, recovery

need not follow the same time dependence as creep.
Such behavior has proven difficult to model in

polymers using nonlinear superposition. The Scha-

pery model can provide more flexibility in such cases
at the expense of greater complexity in a single

integral model [5].

2.3 State of the art in nonlinear characterization

of asphalt binders

The current Superpave specifications for asphalt

binders include a procedure for accounting for high

traffic loads. The procedure is very simplistic and
consists basically of using a stiffer binder than the

one normally needed. However, since the binder

characterization is carried out using only low stress
levels, this only ensures that the binder is stiffer in the

low stress range.

An improvement in the characterization of asphalt
binders constitute the dual parameter proposed by

Reinke et al. [26]. They propose to measure the

complex viscosity g* of the binder in the linear
viscoelastic region and also the stress level where g*
decreases to 70% of its initial value. By measuring

the stress range where the complex viscosity does not
degrade considerably, the contribution of the binder

to permanent deformation is characterized in a more

rational way. Their parameter is called Stress Vis-
cosity Factor, and it is equal to the multiplication

between g* and the stress level where g* decreases to

70%.
The Expert Task Group of the Federal Highway

Administration (FHWA) has recently approved a

protocol to evaluate the stress sensitivity of asphalt
binders using the DSR called multiple stress creep

and recovery (MSCR). The MSCR protocol is run

using a constant stress creep of 1 s duration followed
by a zero stress recovery of 9 s. The test is run at two

stress levels: 0.1 and 3.2 kPa. Ten cycles are run at

each of the two stress levels for a total of 20 cycles.
There are no rest periods between creep and recovery

cycles or changes in stress level. The full details of

the testing protocol are described in the ASTM
D7405-10a standard. For each stress level, a param-

eter called nonrecoverable compliance Jnr is calcu-

lated. Jnr for 0.1 kPa is equal to the strain after the 10
cycles run at that stress level, divided by that stress.

The definition for Jnr at 3.2 kPa is analogous [8].

The Jnr parameter has been suggested as a measure
of the binder contribution to mixture permanent

deformation. The parameter has, however, several

limitations, since the conditions used in the testing
are arbitrary. The two selected stress levels are

arbitrary and do not necessarily represent the stresses

of the binder inside the pavement. The number of
cycles and time of loading do not cover a wide span,
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which is necessary to characterize long term perma-
nent deformation in the material. The recovery time

allowed in the test is not long enough, modified

binders are still recovering after the 9 s of unloading
phase [12].

Mechanical analogs have been used by some

authors [13, 23]. These approaches provide intuitive
models that can be somehow related to the physical

nature of materials. They, however, lack the flexibil-

ity needed to model complex material responses.
Also, the separation between non-linear and linear

elements is not easy to define objectively.

In the present work, a nonlinear viscoelastic
constitutive relationship was developed, for modeling

the response of binders in a wide range of times and

stresses. A nonlinear constitutive relation allows for
modeling the response of the binder for a wide range

of times and stresses, in the linear and nonlinear

viscoelastic range. A constitutive relationship for
asphalt binders in the nonlinear range, like the one

presented in this paper, has not been previously

obtained. Nor has been defined which of the nonlin-
ear modeling approaches is the most convenient for

this type of materials.

3 Binder testing

3.1 Test description

A DSR, make Paar Physica, model SmartPave was
used for the binder testing. Cone and plate geometry

was selected, to ensure homogeneous shear rate

throughout the sample, which is essential for nonlin-
ear characterization. The cone and plate characteris-

tics are 25 mm diameter, 49 lm gap (distance

between tip of cone and plate), and 1# of cone angle.
Two different binders were selected for testing.

The first one is an unmodified binder labeled N3, with

a performance grade PG70-22. The second binder
was modified with a plastomer polymer called

Elvaloy". The binder was labeled as B5, and it had
a performance grade PG64-34. These two binders

were selected with the objective of comparing the

benefits of a more elastic but softer binder, like the
polymer modified one, versus a stiffer but less elastic

binder, like the unmodified one. Previous research

has shown that the permanent strain of softer more
elastic binders can be lower than the permanent strain

of harder less elastic binders, when subjected to
stresses in the linear viscoelastic range [12]. It is also

known that the stress dependency of polymer mod-

ified binders is different from unmodified binders [3,
11]. So comparison of both types of binders at high

stress levels is also of interest. The two binders

selected are commonly used in the asphalt paving
industry.

Traffic loads on pavement are characterized by a

loading pulse (the tire load) followed by a resting
time (time in between vehicles) [15]. For this reason,

creep and recovery testing was selected as the type of

testing that better represented the asphalt binder
loading conditions on service. The schematics of the

loading and response were shown in Fig. 1.

For a nonlinear viscoelastic material, c depends on
the loading time and on the testing stress. The same

applies to cr and cp.

cr ¼ crðs0; t1Þ; cp ¼ cpðs0; t1Þ; c ¼ cr þ cp ¼ cðs0; t1Þ
ð4Þ

In order to capture the nonlinear viscoelastic
behavior of the asphalt binders, the variables that

needed to be varied during the testing were loading

time and applied stress. The variations of the
nonlinear binder properties with temperature were

out of the scope of this study. Only one temperature

was selected for the binder testing. This temperature
was 46#C, which is approximately the average

pavement temperature during the summer in

Wisconsin.
The shear stress was varied between a minimum

value of 0.1 kPa and a maximum value of 30 kPa.

The minimum value was selected in order to ensure
that the binders would behave linearly at 46#C.
Previous research [11] showed linear viscoelastic

behavior of similar asphalt binders at 46#C and
0.1 kPa. The maximum stress level considered cor-

responded to the maximum torque capacity of the

testing device. Previous work demonstrated that at
46#C high nonlinearity is expected in asphalt binders

subjected to 30 kPa of shear stress [11]. By varying

the stresses between these two values, the properties
of the binder in the linear viscoelastic range and in

the nonlinear viscoelastic range were expected to be

captured.
The loading time was varied between 1 and

1,000 s, at tenfold increments. The minimum loading
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time of 1 s is much bigger than the rise time of the

machine, which is on the order of 10-4 s, which
ensured accuracy of the measured values. No exper-

iment can provide a true instantaneous deformation.

At the temperature used, the time scale of the creep
protocol was not short enough to probe the glassy

regime.

In order to determine the non recoverable strain cp,
enough recovery time needs to be allowed in the

samples. It is common to consider a ratio between the

loading time and the recovery time of 1/10. However,
previous research has shown that such a ratio is not

enough to allow full recovery of asphalt binders [12].

This is especially critical in the case of polymer
modified binders, which usually show high levels of

delayed elasticity. In the present work, extremely long

recovery times were considered, in order to allow full
recovery of the binders. These recovery times are in no

way practical or suitable to be implemented in more

standardized testing. However, the results of the testing
are expected to suggest practical ranges for the recovery

phase. In other words, the results of the test will allow

determining the times after which the recovery is not
significant anymore. In this way, shorter recovery times

might be recommended for future testing. The binder

testing program is presented in Table 1 for the unmod-
ified binder. The testing program for the polymer

modified binder is exactly the same.

The binders were subjected to primary aging,
using a Rotational Thin Film Oven (AASHTO T-240)

before being tested, to represent the state of the

binder in service right after construction.

3.2 Test results

3.2.1 Polymer modified binder

The results from the polymer modified binder testing
indicated a power law behavior for short loading

times. Figure 2 shows the shear strains for 1 s loading

time in a log–log scale. The strain used is the

engineering strain. The response will probably look
different if another strain is selected, like true strain

for example. The engineering strain was selected

between all the Seth–Hill strain families because it is
the most relevant to the field of application of the

work. The response that needs to be quantified is the

deformation of the material with respect to its
original dimensions.

For all stress levels, the loading phase could be

approximated by a straight line. For longer loading
times, the power law behavior was still observed for

0.1 and 1 kPa. At the higher stress levels, however,

two different slopes were observed for the shear
strain, as shown in Fig. 3. It can be observed that the

point in time where the change in slope occurs

decreased when the stress was increased.
High recovery was observed after the load was

removed. The recovery continued for very long times.

Figure 2 shows that for 1 s of loading, the recovery of
the binders is far from complete after 10 s of resting

time. Only after 100 s of resting time, 90% or more

of the recovery was achieved for all stress levels.
After 1,000 s of resting time, at least 98% of the

recovery was obtained in all cases. The apparent

increase in strain for longer times for 0.1 and 1 kPa is
due to the precision of the testing machine and it is

not significant.

In order to verify the nonlinear response of the
polymer modified binder, the creep compliance of

the loading phase was plotted in log–log scale. The

results are presented in Fig. 4 for the five stress levels
used and 1,000 s of loading time. A linear behavior

was observed for 0.1 and 1 kPa for the whole time

range considered, suggesting a power law behavior.
For 10, 20 and 30 kPa, linear behavior was observed

for shorter times. Nonlinear behavior was observed

for longer times for these stress levels. The point in
time for the transition between linear viscoelastic and

nonlinear viscoelastic behavior decreased when the

Table 1 Testing plan for
asphalt binders

Binder type Stress level (kPa) Creep/recovery time (s)

Unmodified
(PG70-22)

0.1 1/2000 10/10000 100/20000 1000/40000

1 1/2000 10/10000 100/20000 1000/40000

10 1/2000 10/10000 100/20000 1000/40000

20 1/2000 10/10000 100/20000 1000/40000

30 1/2000 10/10000 100/20000 1000/40000
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stress was increased. The samples tested at 20 and

30 kPa failed after 440 and 580 s of loading,
respectively, which is why the plots for these stresses

do not reach 1,000 s. The failure of samples in the

DSR at the testing temperature happens because of
edge effects that modify the geometry of the original

sample [2].

3.2.2 Unmodified binder

The unmodified binder showed a power law behavior
for most of the time range considered during the test.

A straight line with a single slope characterized the

loading phase during the whole time range for 0.1 and
1 kPa. For the other three stress levels (10, 20 and

30 kPa), a small increase in the slope of deformation

was observed but for longer time periods. This
steepening of the slope was much smaller than that

observed for the modified binder. Figures 5 and 6

present the creep and recovery test results for 1 s of
loading time and 1,000 s of loading time,

respectively.

The recovery of the binder after removing the load
was not as important as in the modified binder. Also,

the time required for full recovery was much shorter

than the one observed for the modified binder. The
usual ratio of 1/10 between loading time and

unloading time was enough to achieve most of the

recovery in all cases except for 1 s loading time,
where a ratio of 1/20 seemed to be better suited. For

1,000 s of loading time, an unloading time of 1,000 s

was enough to achieve most of the recovery.
The creep compliance of the loading phase was

plotted in a log–log scale in order to check the

linearity of the response for the unmodified binder.

0.001

0.01

0.1

1

10

0.01 0.1 1 10 100 1000 10000

time (s)

γ

0.1 kPa 1 kPa 10 kPa 20 kPa 30 kPa

Fig. 2 Creep and recovery test results, polymer modified
binder, 1 s loading time, 5 stress levels
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Fig. 3 Creep and recovery test results, polymer modified
binder, 100 s loading time, 5 stress levels
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Fig. 4 Creep compliance loading phase, polymer modified
binder, 1,000 s loading time
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Fig. 5 Creep and recovery test results, unmodified binder, 1 s
loading time
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Figure 7 shows the results for the five stress levels

and 1,000 s of loading time. A linear behavior was

observed for 0.1 and 1 kPa for the whole time range
considered, suggesting a power law behavior. For 10,

20 and 30 kPa, linear behavior was observed for

shorter times, below 1 s. After that, nonlinear
behavior was observed. The nonlinearity observed

for the unmodified binder was, however, less signif-

icant than for the modified binder.

4 Characterization of the loading phase

4.1 Polymer modified binder

Considering the shape of the curves in the log–log

scale, nonlinear power representation was selected to
model the material’s response during the loading

phase. The nonlinear power representation is given
by the following equation:

cðt; sÞ ¼
Xn

i¼1

ki ! tmi ! spi ð5Þ

where c is the shear strain (dimensionless), t is
the time (s), s is the shear stress (kPa), ki, mi, pi are
the model parameters

The time t in Eq. 5 and in subsequent equations

based on it, is given by t = t(s)/tstd in which tstd = 1

s. The stress s is given by s = s(kPa)/sstd in which
sstd = 1 kPa. The letters std are used as a subscript to

indicate standard value. The model parameter ki is
dimensionless. The units for equations based on Eq. 5
are referred to the above clarification. The number of

arguments n to be used depends on the material. For

the polymer modified binder, a value of n equal to
two was found to be enough to describe the shape of

the curves. This is logical considering that the curves

show a linear shape with two different slopes. These
types of equations are also known as Nutting’s type

equations [24]. The material constants ki in these

equations have no physical meaning [6].
Nonlinear curve fitting was used to determine the

parameters of the model, with the aid of Kaleida-

Graph" software [30]. The fitting parameters were
estimated using the binder strain data of the loading

phase for all the testing stresses together. In order to
give the same importance to the low strain/time range

and the high strain/time range, the fitting was

weighed using the strain as the weighing variable.
The fitting showed to be very good, with an R2 value

of 0.996. The results of the fitting are presented in

Eq. 6.

cðt; sÞ ¼ 0:227 ! t0:587 ! s0:994 þ 2:28

' 10%7 ! t2:00 ! s4:03
ð6Þ

where c is dimensionless, and the units of t and s are
as defined previously. The first argument in the
equation represents the behavior at low stress levels

and shorter times. The power parameter for the stress

variable s is almost equal to one, which confirms the
linear dependency of strain on stress level in the short

times—low stress region. The second argument in the

equation represents the nonlinear behavior at higher
stresses and longer loading times. As it can be seen,

the power for the stress parameter is much higher

than one, which indicates high nonlinearity.
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Fig. 6 Creep and recovery test results, unmodified binder,
1,000 s loading time
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Fig. 7 Creep compliance loading phase, unmodified binder,
1,000 s loading time
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To allow simplification of the model, a second
fitting was carried out with the assumption of

linearity (power of one for the stress variable) in

the first argument. Equation 7 shows the results of the
fitting. The goodness of the fitting was not signifi-

cantly altered (R2 = 0.995), and also the other

constants did not change significantly.

cðt; sÞ ¼ 0:226 ! t0:589 ! sþ 2:06 ' 10%7 ! t2:04 ! s4:04

ð7Þ

The units of Eq. 7 are as defined for Eq. 6.

Figure 8 shows the creep data and the fitting using

Eq. 7. Dependence on both time and stress variables
is shown in Fig. 9 as a three dimensional plot.

The creep compliance of the material J is obtained
by dividing the shear strain by the shear stress. The
compliance is a nonlinear function of loading time

(t) and stress level (s), as shown in Eq. 8.

Jðt; sÞ ¼ 0:226 ! t0:589 þ 2:06

' 10%7 ! t2:04 ! s3:04 1=kPað Þ ð8Þ

4.2 Unmodified binder

The shape of the creep curves measured for

the unmodified binder also suggested the use of the
nonlinear power law. Again, two arguments in the

model were enough to describe the material behavior

in creep loading. Two different fittings were tried: in
the first one the p1 parameter (power of stress variable

s) from Eq. 5 was allowed to vary freely; in the

second fit the p1 value was fixed at one. The goodness
of fitting for both cases was found to be very good, as

the R2 values calculated were 0.993 for the first

model and 0.990 for the second one. The second
model was selected because of the simplifications

allowed by the linearity in the first argument.

Equation 9 shows the creep fitting function for the
unmodified binder:

cðt; sÞ ¼ 7:11 ' 10%2 ! t0:807 ! sþ 3:37

' 10%3 ! t1:34 ! s1:25 ð9Þ

The creep data and fitting using Eq. 10 are shown

in Fig. 10.

In Eq. 9, the nonlinearity of the second term, as
shown by the power of the stress variable s, is not as
high as it was for the polymer modified binder

discussed in the previous section. The creep compli-
ance for the unmodified binder, obtained by dividing

Eq. 9 by the stress, is given by Eq. 10.
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Fig. 8 Creep fit polymer modified binder

Fig. 9 Creep fit polymer modified binder—3D
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Fig. 10 Creep fit unmodified binder
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Jðt; sÞ ¼ 7:11 ' 10%2 ! t0:807 þ 3:37

' 10%3 ! t1:34 ! s0:25 1=kPað Þ ð10Þ

The model is empirical. The underlying physical

mechanisms of asphalt as a complex material are not

addressed here. Equations 8 and 10 do not comply
with the fading memory hypothesis, which means that

superposition cannot be directly applied, as it will be

shown later in this paper. Also, they do not comply
with the invariance requirements from the continuum

mechanics standpoint, so they cannot be extended to

represent the creep behavior under multiple stress
states. As with other models for nonlinear behavior of

polymers it is difficult to handle recovery. The
equations, however, do successfully model nonlinear

creep and recovery response for all stress levels at

different loading times. The models were also found to
correlate satisfactorily with the permanent deforma-

tion of asphalt mixtures containing the same binders

tested here, as it is shown in another work [10].

5 Constitutive relationships

5.1 Prediction of recovery using modified

superposition principle

The first attempt to characterize the nonlinear behavior

of the binder’s recovery phase was based on the direct
application of the modified superposition principle.

Following this principle, the effect of the loading and

unloading (creep and recovery) would be equal to the
effect of applying a constant stress at time zero, plus

the effect of applying an equivalent but negative stress

at the time the load is supposed to be removed. Three
different interpretations for the stress to be used in the

creep compliance function during the recovery phase

were discussed previously.When the recovery stress is
equal to zero, as in the creep and recovery test

performed, the three interpretations are reduced to

only two different equations. The resulting two
equations for the recovery phase (t[ t1), expressed
in shear form, are as follows:

cðtÞ ¼ s0Jðt; s0Þ % s0Jðt % t1; s0Þ ð11Þ

cðtÞ ¼ s0Jðt; s0Þ % s0Jðt % t1; 0Þ ð12Þ

where J is the nonlinear creep compliance, s0 is the

constant shear stress applied during the loading

phase, and t1 is the loading time.

For the polymer modified binder, the creep
compliance J of the loading phase was described

previously using Eq. 8. By substituting J from Eq. 8

into Eqs. 11 and 12, the following expressions result
for the recovery phase of the polymer modified

binder:

cr1ðtÞ ¼ s0 0:226 ! t0:589 % ðt % t1Þ0:589
h i

þ 2:06
!

' 10%7 ! s3:040 ! t2:04 % ðt % t1Þ2:04
h i"

ð13Þ

cr2ðtÞ ¼ s0 0:226 ! t0:589 % ðt % t1Þ0:589
h i

þ 2:06
!

' 10%7 ! s3:040 ! t2:04
#

ð14Þ

The strains predicted by Eqs. 13 and 14 were

compared with the testing results for the recovery

phase, and the results were not satisfactory. Figure 11
shows the testing results for 10 s of loading time and

two stress levels (0.1 and 10 kPa) for the polymer

modified binder. Fit1 and Fit2 correspond to the
fittings using Eqs. 13 and 14, respectively. For

0.1 kPa, both fittings agree reasonably well with the
recovery of the material, for the window of time

considered. However, for 10 kPa, the modified

superposition principle predicts an increase in the
strain, even when no load was being applied.

As mentioned before, Eqs. 8 and 10 do not comply

with the fading memory hypothesis. Because of the
nonlinear term in both equations (the second term),

there is an increase in the slope of the J(t) curve for

long loading times, with a stronger effect for higher
stresses, which explains the unsatisfactory results

obtained.
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Fig. 11 Modeling of recovery phase using modified superpo-
sition principle, polymer modified binder
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A similar analysis was conducted for the unmod-
ified binder, and the results were also unsatisfactory.

The complete results are not presented here because

of space restrictions, but they can be looked at in the
original work [9].

5.2 Modeling of the permanent strain

Since the prediction of the recovery phase by means

of the modified superposition principle did not work
for the selected materials, a different approach was

taken in which the total strain was separated into

permanent and recoverable strains, as shown in Fig. 1
and Eq. 4. In order to find the functions cp and cr, the
binders needed to be tested at different stress levels

and different loading times. The binder testing
program described previously considered, for each

binder, five stress levels and four loading times. For

each testing condition, the total strain c at the end of
the loading phase was recorded. Then, after enough

recovery was allowed in the material, cp was directly
measured. Finally cr was calculated by subtracting cp
from c. It should be noted that the permanent strain

and recoverable strain functions are obtained as a

function of the loading time applied, but they have
physical meaning only when the load is removed.

Tables 2 and 3 show the measured values of c and
cp for the polymer modified binder, at all testing
conditions. For loading levels of 20 and 30 kPa, the

test was stopped before 1,000 s of loading because

the samples lost deformation resistance (free spin-
ning) after 440 and 580 s, respectively. For this

reason, and in order to obtain more data for longer

times and high stresses, two extra tests were
conducted using 300 s of loading at 20 and 30 kPa.

Tables 2 and 3 show that for short loading times

and low stresses, cp is small compared to c. For high
stresses and longer loading times, however, the cp and
c values are of similar magnitude, becoming almost

equal for the very high stresses and loading times.
Table 4 shows the ratio between cp and c for all

testing conditions. As observed, for longer loading

times and high stresses, practically all the deforma-
tion becomes permanent as the ratio reaches 100%.

This means that the recoverable strain cr, which is

calculated by the difference between c and cp,
becomes insignificant at high stresses and long times.

In order to select the best model to use for the

permanent strain cp, the data were plotted in a log–log
scale in Fig. 12. The chart shows linear relationship

between cp and time for shorter times and low

stresses. For higher stresses, the slope of the
relationship increases. This means that the nonlinear

power law can also be applied to the permanent

deformation, so the model selected for cp was of the
same form as the model used for the total strain c: a
nonlinear power law model with two arguments, one

linear and one nonlinear. The behavior at higher
stresses and longer times is dominated by the second

argument of the model, the nonlinear part. As

Table 2 Total shear strain
for different loading times,
polymer modified binder

a Value measured at 300 s

Loading time t1 (s) c

0.1 kPa 1 kPa 10 kPa 20 kPa 30 kPa

1 0.0249 0.2469 2.204 4.800 6.425

10 0.0916 0.9306 6.929 15.96 38.55

100 0.365 3.346 37.18 535.4 2413

1000 1.721 14.55 2802 2969a 12570a

Table 3 Permanent shear
strain for different loading
times, polymer modified
binder

a Value measured at 300 s

Loading time t1 (s) cp

0.1 kPa 1 kPa 10 kPa 20 kPa 30 kPa

1 0.0007 0.0171 0.2300 1.398 1.592

10 0.0099 0.1468 1.848 9.26 32.60

100 0.1210 1.265 29.36 532.3 2412

1000 1.080 10.50 2800 2968a 12560a
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discussed previously, the cp values approximate the c
values for high stresses and long times. For this

reason, the second argument of the cp model was

selected to be equal to the second argument obtained
in the model for c. Considering this, the cp data were
fitted satisfactorily, with an R2 value of 0.877.

Figure 12 shows the results of the fitting with solid
line. The fitting equation and parameters are:

cpðt; sÞ ¼ 2:06 ' 10%2 ! t0:890 ! sþ 2:06

' 10%7 ! t2:04 ! s4:04 ð15Þ

The recoverable strain cr can be calculated by
subtracting cp (Eq. 14) from c (Eq. 7):

crðt; sÞ ¼ s ! ð0:226 ! t0:589 % 2:06 ' 10%2 ! t0:890Þ
ð16Þ

It should be noted that the cr function becomes

negative for times longer than 2,857 s, which does
not make physical sense. However, because of the

fact that for longer times the recoverable strain is

insignificant compared to the permanent strain, the
predictions of the model still work satisfactorily for

times longer than 2,857 s, as it will be shown later in

this section. The corresponding compliances for the

permanent strain and recoverable strains can be
obtained by dividing Eqs. 15 and 16 by the shear

stress:

Jpðt; sÞ ¼ 2:06 ' 10%2 ! t0:890 þ 2:06

' 10%7 ! t2:04 ! s3:04 1=kPað Þ
ð17Þ

JrðtÞ ¼ 0:226 ! t0:589 % 2:06 ' 10%2 ! t0:890 1=kPað Þ
ð18Þ

It should be noted that the resulting Jr is a linear
viscoelastic function, according to Eq. 18, since it

does not depend on the stress level. The resulting

models for the creep compliances are plotted in
Fig. 13 for the highest and the lowest stress levels

and for the time range considered. For 30 kPa, the

plot shows only until 300 s, because the sample failed
(continuous deformation with no load) after this time.

As with the original data, the difference between

J and Jp is significant for short times and small
stresses, but both functions tend to reach the same

magnitude for longer times. The figure also shows the

recoverable compliance Jr, whose magnitude is
similar to J for shorter times, but becomes insignif-

icant for higher stresses and longer times. The Jr
curve is the same for all stresses because the Jr
function does not have a stress variable, as it was

shown in Eq. 18.

As with the polymer modified binder, the total
strain c and permanent strain cp were obtained for

each testing condition for the unmodified binder. The

nonlinear power law model with first argument linear,
and the same second argument used in the total strain

c model, showed good agreement with the cp data (R
2

value of 0.953). The fitting equation and parameters
are:

cpðt; sÞ ¼ 4:90 ' 10%2 ! t0:877 ! sþ 3:37

' 10%3 ! t1:34 ! s1:25
ð19Þ

The recoverable strain cr can be then calculated by

subtracting cp (Eq. 19) from c (Eq. 9):

Table 4 Ratio of total
strain to permanent strain,
polymer modified binder

Loading
time t1 (s)

cp/c

0.1 kPa (%) 1 kPa (%) 10 kPa (%) 20 kPa (%) 30 kPa (%)

1 2.9 6.9 10.4 29.1 24.8

10 10.8 15.8 26.7 58.0 84.6

100 33.5 37.8 78.9 99.4 99.9

1000 62.7 72.2 99.9 99.9 100.0
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Fig. 12 Permanent strain versus loading time, measured data
and fitting results, polymer modified binder
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crðt; sÞ ¼ s ! ð7:11 ' 10%2 ! t0:807 % 4:90

' 10%2 ! t0:877Þ
ð20Þ

The function cr for the unmodified binder becomes

negative for times longer than 203 s, which does not
make physical sense. However, as explained previ-

ously, the recoverable strain for longer times is

insignificant compared to the permanent strain. For
this reason, the predictions from the model are still

satisfactory for times longer than 203 s, as it will be

demonstrated later in this section. The corresponding
compliances for the permanent strain and recoverable

strains can be obtained by dividing Eqs. 19 and 20 by

the shear stress:

Jpðt; sÞ ¼ 4:90 ' 10%2 ! t0:877 þ 3:37

' 10%3 ! t1:34 ! s0:25 1=kPað Þ ð21Þ

JrðtÞ ¼ 7:11 ' 10%2 ! t0:807 % 4:90

' 10%2 ! t0:877 1=kPað Þ ð22Þ

The Jr resulting from the model is a linear
viscoelastic function, as shown in Eq. 22. The

detailed calculations and results for the unmodified

binder can be found in the original work [9].

5.3 Nonlinear constitutive relationships obtained

by separating permanent and recoverable
strains

Once permanent and recoverable strains are sepa-
rated, the total strain c for a constant stress load s0
can be expressed as:

cðt; s0Þ ¼ s0 ! Jpðt; s0Þ þ s0 ! JrðtÞ ð23Þ

For an arbitrary load history, however, a non-

linear constitutive relationship has to be obtained.
The permanent deformation cp is analogous to

viscous deformation. For a viscous fluid, the strain

due to an arbitrary stress history (starting at 0) is
given by:

cpðtÞ ¼
Z t

0

ocp n; sðnÞð Þ
on

dn ¼
Z t

0

_cpðnÞdn ð24Þ

where n is the time integration variable, and s(n) is
an arbitrary stress history respect to time. The time
t in Eq. 24 is referenced to the start time of the

stress history, defined as zero. The time t can be

interpreted as t - n with t now as running time and
n as the start time of the stress history. The strain

rate _cpðnÞ can be obtained by differentiating Eq. 15

(for the polymer modified binder) or Eq. 19 (for the

unmodified binder) with respect to time and then
substituting the time variable t for the integration

variable n.
The recoverable deformation cr, on the other

hand, has the behavior of a linear viscoelastic solid

for both asphalt binders, as shown by Eqs. 18 and

22. Then, the constitutive relationship for cr
can be obtained by the Boltzmann superposition

principle.

crðtÞ ¼
Z t

0

Jrðt % nÞ dsðnÞ
dn

dn ð25Þ

where Jr is given by Eqs. 18 and 22 for the polymer
modified binder or unmodified binder, respectively.

The total strain for an arbitrary stress history can then

be expressed as:

cðtÞ ¼
Z t

0

_cpðnÞdnþ
Z t

0

Jrðt % nÞ dsðnÞ
dn

dn; ð26Þ

5.3.1 Polymer modified binder

By differentiating Eq. 15 with respect to time, the
following expression is obtained for the strain rate
_cpðtÞ of the polymer modified binder.
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Fig. 13 Creep compliance, permanent compliance and recov-
erable compliance from fitted models, polymer modified binder
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_cpðtÞ ¼ 1:83 ' 10%2 ! t%0:110 ! sþ 4:20

' 10%7 ! t1:04 ! s4:04 þ 2:06 ' 10%2 ! t0:890
$

þ 8:32 ' 10%7 ! t2:04 ! s3:04
#
! dsðtÞ

dt
1=sð Þ

ð27Þ

By inserting Eqs. 18 and 27 into Eq. 26, and

substituting to the time integration variable n, the
following nonlinear constitutive relationship is

obtained for the polymer modified binder:

cðtÞ ¼
Z t

0

1:83 ' 10%2 ! n%0:110 ! sþ 4:20
%

' 10%7 ! n1:04 ! s4:04 þ 2:06 ' 10%2 ! n0:890
$

þ 8:32 ' 10%7 ! n2:04 ! s3:04
#
! dsðnÞ

ds

&
dn

þ
Z t

0

0:226 ! ðt % nÞ0:589 % 2:06 ' 10%2
n

!ðt % nÞ0:890
o dsðnÞ

dn
dn ð1=sÞ ð28Þ

5.3.2 Unmodified binder

The strain rate _cpðtÞ for the unmodified binder is

obtained by differentiating Eq. 19with respect to time.

_cpðtÞ ¼ 4:30 ' 10%2 ! t%0:123 ! sþ 4:52

' 10%3 ! t0:34 ! s1:25 þ 4:90 ' 10%2 ! t0:877
$

þ 4:21 ' 10%3 ! t1:34 ! s0:25
#
! dsðtÞ

dt

' (
ð29Þ

The nonlinear constitutive relationship for the
unmodified binder is obtained by inserting Eqs. 22

and 29 into Eq. 26 and substituting to the time

integration variable n.

cðtÞ¼
Z t

0

4:30'10%2 !n%0:123 !sþ4:52
%

'10%3 !n0:34 !s1:25þ 4:90'10%2 !n0:877
$

þ4:21'10%3 !n1:34 !s0:25
#
! dsðnÞ

dn

' (&
dn

þ
Z t

0

7:11'10%2 !ðt%nÞ0:807%4:90
n

'10%2 !ðt%nÞ0:877
&
dsðnÞ
dn

dn ð30Þ

6 Prediction of testing results using the obtained
nonlinear constitutive relationships

The binder testing was performed using creep and

recovery loading. This loading pattern can be
expressed mathematically using the Heaviside step

function:

sðtÞ ¼ s0HðtÞ % s0Hðt % t1Þ ð31Þ

where s0 represents the constant creep stress, and t1 is
the loading time. By substituting Eq. 31 into Eq. 26,

the following expression is obtained for the creep and

recovery:

cðtÞ¼
s0 ! Jpðt;s0ÞþJrðtÞ

$ #
; t( t1

s0 !Jpðt1;s0Þþs0 !JrðtÞ%s0 !Jrðt% t1Þ; t1\ t

8
<

:

ð32Þ

where t B t1 corresponds to the loading phase, and

t[ t1 is the recovery phase. The functions Jp and Jr
are the ones described in Eqs. 17 and 18 for the

polymer modified binder, and in Eqs. 21 and 22 for

the unmodified binder.
The results of the prediction for the polymer

modified binder are presented in Figs. 14 and 15, for

10 and 100 s loading time, respectively. The predic-
tion of the recovery phase agrees reasonably well

with the testing data. The creep fitting portion also

agrees well, as it was already verified previously. For
the unmodified binder, the results of the prediction

are presented in Figs. 16 and 17, for 10 and 100 s

loading time, respectively. The predictions for this
material also agree well with the testing data.

7 Validation of nonlinear constitutive
relationships with MSCR test results

The nonlinear constitutive relationships should be

able to describe the behavior for any kind of loading

patterns. In order to verify this, testing results using
MSCR test were compared with the predictions from

the model. MSCR is a test currently used for

evaluating the nonlinearity of asphalt binders, and it
was described previously. The loading pattern con-

sisted of 10 cycles of creep and recovery with 0.1 kPa

shear stress followed immediately by 10 cycles of
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creep and recovery at 3.2 kPa shear stress. Each cycle

had 1 s of creep and 9 s of recovery, for a total of

200 s test duration. Using the Heaviside step function
H, the MSCR loading pattern can be described as:

sðtÞ ¼ s1
X10

i¼1

Hðt % t2i%2Þ % Hðt % t2i%2Þf g:

þ s2
X20

i¼11

Hðt % t2i%2Þ % Hðt % t2i%1Þf g
ð33Þ

where s1 = 0.1 kPa, s2 = 3.2 kPa, t0 = 0 s, t1 =
1 s, t2 = 10 s, t3 = 11 s, …,t18 = 90 s, t19 = 91 s,

t20 = 100 s, t21 = 101 s, t22 = 110 s, t23 = 111 s,

…, t38 = 190 s, t39 = 191 s.
By substituting Eq. 33 into Eq. 26 and performing

the integration, the following expressions are

obtained for the strain response c(t) of the MSCR
test in the first four intervals.

For 0\ t B 1 s:

cðtÞ ¼ s1 ! fJpðt; s1Þ þ JrðtÞg ð34Þ

For 1\ t B 10 s:

cðtÞ ¼ s1 ! Jpð1; s1Þ þ JrðtÞ % Jrðt % 1Þ
% )

ð35Þ

For 10\ t B 11 s:

cðtÞ ¼ s1 ! Jpð1; s1Þ þ JrðtÞ % Jrðt % 1Þ
%

þJpðt % 10; s1Þ þ Jrðt % 10Þ
) ð36Þ

For 11\ t B 20 s:

cðtÞ ¼s1
X2

i¼1

*
Jpðt2i%1 % t2i%2; s1Þ; þ Jrðt % t2i%2Þ

%Jrðt % t2i%1Þ
&

ð37Þ

The expressions for c(t) in the remaining time

intervals follow the same pattern. Using the corre-
sponding Jp and Jr functions for each material, the
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Fig. 14 Testing data and fitting curves, 10 s loading time,
polymer modified binder
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Fig. 15 Testing data and fitting curves, 100 s loading time,
polymer modified binder
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Fig. 16 Testing data and fitting curves, 10 s loading time,
unmodified binder
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Fig. 17 Testing data and fitting curves, 100 s loading time,
unmodified binder

Materials and Structures



strain predictions were programmed in an Excel
spreadsheet.

Using the DSR with cone and plate geometry, one

sample of each asphalt binder was run with the
MSCR loading pattern at 46#C. The comparison of

results of the testing data and model predictions are

shown in Figs. 18 and 19 for the polymer modified
binder and unmodified binder, respectively. The

results presented in a logarithmic scale allow observ-

ing the general fitting during the all testing sequence.
It can be observed that the predictions from the

models have good agreement with the testing data for

both materials.
A more detailed comparison of the results can be

achieved with cross plots between the measured and

predicted values, as presented in Figs. 20 and 21. For
the polymer modified binder, the model predictions

follow the same trend that the measured data, but

there is an under prediction of the results. The
maximum error was observed towards the end of the

test, reaching a value of 20.5% difference respect to

the measured values. For the unmodified binder, the
model also follows the trend of the data, but it over

predicts the measured values. The maximum differ-

ence measured towards the end of the test was 16.8%.
The prediction errors were in one direction for the

first material (underprediction) and in the opposite

direction for the second material, but with very
similar error magnitudes. It is reasonable to conclude

then that the errors are due to testing variability and

not to model bias. This conclusion needs to be
confirmed with further testing including more

materials.

8 Conclusions

• The creep behavior of the two asphalt binders
tested showed a nonlinear power law behavior.

• A nonlinear power law model with two argu-

ments, one linear respect to the stress, and one
nonlinear, was successful in fitting the creep

response of the binders for all stress levels.

• Since the creep compliance functions selected did
not comply with the fading memory hypothesis,

the modified superposition principle was unable
to predict the recovery response of the binders for

the time range and stress range considered in the

test.
• A nonlinear constitutive relationship composed of

a viscous nonlinear part plus a linear viscoelastic

part predicted successfully the testing results in
creep and recovery.
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Fig. 18 MSCR test results and fitting, polymer modified
binder
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Fig. 19 MSCR test results and fitting, unmodified binder
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Fig. 20 Cross plot of measured strain versus predicted strain,
polymer modified binder
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• The nonlinear constitutive relations were able to

predict the response of the binders using the
MSCR protocol. The maximum differences

between the measured and predicted values were

observed towards the end of the test, reaching
values up to 20%. The differences can be

reasonably assumed to be testing variability.

• Some of the limitations of the present work are:
(a) the model developed is valid for the time

range considered in the testing. Extrapolations

outside those ranges are not necessarily accurate;
(b) deformations were measured in one dimension

only; (c) stress reversal was not studied in this

work and (d) further work is needed to include
temperature effects in the characterization.
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