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ABSTRACT

Previous work has shown that there are significant discrepancies between leading-order asymptotic ana-
lytical solutions for the elastic—plastic fields near growing crack tips and detailed numerical finite element
solutions of the same problems. The evidence is clearest in the simplest physically realistic case: quasi-
static anti-plane shear crack growth in homogeneous, isotropic elastic-ideally plastic material. There, the
sole extant asymptotic analytical solution involves a plastic loading sector of radial stress characteristics
extending about 20° from ahead of the crack, followed by elastic unloading, whereas detailed numerical
finite element solutions show the presence of an additional sector of plastic loading, extending from about
20 to about 50°, that is comprised of non-radial characteristics. To explore how the asymptotic analysis
can completely miss this important solution feature, we derive an exact representation for the stress and
deformation fields in such a propagating region of non-radial characteristics, as well as in the other
allowable solution regions. These exact solutions contain arbitrary functions, which are determined by
applying asymptotic analysis to the solutions and assembling a complete near-tip solution, valid through
second order, that is in agreement with the numerical finite element results. In so doing, we prove that the
angular extent of the sector of non-radial characteristics, while substantial until extremely close to the
crack tip, vanishes in the limit as the tip is approached, and that the solution in this sector is not of variable—
separable form. Beyond resolving the analytical-numerical discrepancies in this specific anti-plane shear
problem, the analysis serves to caution, by explicit example, that purely leading-order asymptotic solutions
to nonlinear crack growth problems cannot in general capture all essential physical features of the near-
tip fields, and that the often-invoked assumption of variable—separable solutions is not always valid.
© 1998 Published by Elsevier Science Ltd. All rights reserved.
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1. INTRODUCTION

It is by now well-known and experimentally documented that the ductile fracture
process in many metals, metal-matrix composites and along ductile—brittle interfaces
involves a stage in which a crack grows slowly and stably under increasing applied
load until final instability occurs, and that this stage accounts for a substantial
portion—often the majority—of a material’s overall fracture toughness. Thus, ana-
lytical solutions for the fields produced by a growing crack in such materials have
long been recognized as important to fundamental understanding of the ductile
fracture process, and to quantitative prediction of final fracture. Due to the difficult
nonlinear equations involved, no complete (i.e., full-field) analytical solutions have
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been found for these growing crack elastic—plastic fields ; rather, analytical progress
has been limited to asymptotic solutions (valid for r — 0, where r is distance from the
crack tip). Key issues relating to such solutions are their completeness (that is, their
ability to characterize the near-tip state for any far-field geometry and loading) and
their radius of validity; such obviously bear on the physical applicability of these
solutions.

Perhaps the simplest physically realistic model of elastic—plastic crack growth is
that of anti-plane shear (Mode III) quasi-static growth in a homogeneous, isotropic,
elastic—ideally plastic flow-theory material. An asymptotic (r — 0) solution for this
case was first obtained by Chitaley and McClintock (1971); on either side of the
antisymmetry plane, this solution involves a plastically deforming sector, comprised
of a centered fan of characteristics, extending 19.7° from the crack plane, followed by
a large elastic unloading sector, followed by a very small (0.37°) plastic reloading
sector adjacent to the crack flank. No other asymptotic solutions for Mode III crack
growth in such material have been found, yet the Chitaley—McClintock solution
has the physically unsettling feature that the leading-order stress and velocity field
amplitudes and distributions about the growing crack tip are completely specified by
the asymptotic analysis.

Dean and Hutchinson (1980) performed a detailed full-field numerical finite element
analysis of steady-state, small-scale yielding Mode III crack growth in the same
material model, which they suggest should be accurate down to a radius from the
crack tip of about 1% of the plastic zone size. Their near-tip elastic—plastic fields
differ significantly from the asymptotic ones of Chitaley—McClintock : in particular,
the numerical solution shows an additional plastically active region, of non-centered
characteristics, directly following the centered fan region, extending from about 20 to
about 41°. An independent numerical finite element analysis of the same problem,
with significantly higher accuracy, was performed by Freund and Douglas (1982) as
a special case of their dynamic elastic—plastic crack growth study. For the quasi-static
growth case, they also found the additional plastically active region, of non-centered
characteristics, directly following the centered fan region ; their solution showed it to
extend from about 20 to about 50°.

Thus, these numerical solutions show that there is an important conceptual feature
of the elastic—plastic growing crack fields—a plastically deforming sector of non-
centered characteristics subtending about 30° and extending as close to the crack tip
as numerical resolution has allowed investigation—that is completely missed by the
leading-order asymptotic solution of Chitaley and McClintock (1971). It seems impor-
tant to resolve this discrepancy, both to fully understand the specific problem under
discussion, but more generally to demonstrate explicitly what can happen when
leading-order asymptotic analytical solutions are constructed for growing crack tip
fields. This should have implications in the more complicated situations involving
other loading modes, effects of inertia, more complex material behavior and effects
of heterogeneity.

The anti-plane shear problem has been chosen here because not only is it the
simplest conceptually, and thus disconcerting to have such an apparent anomaly, but,
as will be shown, one can make the greatest progress analytically. In contrast to
previous analytical work on this problem, in which one first derives asymptotic
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(r — 0) forms of the governing equations and then solves these, we shall show that an
exact analytical solution can be derived for the stress and velocity fields everywhere
in a plastically deforming region attending a steadily-growing crack, in terms of
initially undetermined functions, and that one can derive such exact representations
in the other permissible solution regions too. Asymptotics will then be applied to
these solutions to show how a plastically deforming region of non-centered charac-
teristics can follow the centered fan sector, how this permits reconciliation between
the analytical and numerical solutions and how it affects the growing crack fields.

2. FORMULATION

We will employ a small-displacement-gradient formulation to analyze anti-plane
shear (Mode III) quasi-static crack growth in homogeneous, isotropic elastic-ideally
plastic material via an incremental (flow) theory. With respect to Fig. 1, Cartesian
(x1, x,) and polar (r,0) coordinate systems are both centered at the crack tip and
move with it during crack growth, which is assumed to occur in the x,-direction, with
the straight crack front parallel to x;. Angle 6 is measured counterclockwise from the
x,;-axis, and the crack growth speed is a.

The governing equations are as follows. For the case of anti-plane shear crack
growth, the velocity field has the form, in the coordinate system of Fig. 1

vy =0, =05 vy =0v3(x;, X,). (D

Application of (1) to the general governing equations for the material class under
consideration shows that the only nonzero components of stress and deformation-
rate are the 13 (=31) and 23 (=32) components, and that these will at most be
functions of (x,x,). Thus, these governing equations reduce to the following,
expressed for later convenience in terms of both the Cartesian and polar coordinate
systems of Fig. 1:

sz

B
X1

a —

Fig. 1. Cartesian x,, x, and polar r, 6 coordinate systems are centered at the crack tip and move with it
through the material during crack growth.
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0'%3 +U%3 =k’ or 0'33 +0'53 =k, (3a,b)
e 1 dv, Lo, 1 dv,
D; = 20x,’ 23 =5 ox, or D= 2 or’ 03 =550 (4a,b)
1 .
D; = %(é)ﬂ +Acj;. Q)

These represent the requirements of : equilibrium absent body forces (2) ; the Huber—
Mises or Tresca yield condition, which are identical in anti-plane shear (3); com-
patibility in terms of rate-of-deformation tensor components (4) ; and the Prandtl—
Reuss flow rule (5), in which subscript i has range 1,2 or r, 6. Here, k is the (constant)
yield stress in pure shear; G is the elastic shear modulus; A > 0 is a constitutively
undetermined parameter; and a superposed dot denotes time rate at a fixed material
point. Thus, in regions of ongoing plastic deformation, (3) and (5) must be satisfied
with A > 0; in material experiencing instantaneously elastic response, whether or not
it has previously deformed plastically, (5) applies with A = 0 and (3) must be satisfied
with < replacing =. We shall assume that crack growth is steady-state with respect
to an observer moving with the crack tip. Then, the material time rate of stress needed
in (5) is obtained via the chain rule,

Oo do  sin0 do
6=—ad—=—a cos()—r——— . (6)

It is well-known that in regions at yield, the stress state takes a particularly simple
form when expressed in terms of stress characteristics: As illustrated in Fig. 2, it is
always possible to rotate an element experiencing a stress state at yield to an orien-
tation in which only one shearing component of stress acts, which via (3) must have
magnitude k. Then, introduce an orthogonal curvilinear coordinate system («, ) as
illustrated, such that these directions are always normal and tangent, respectively, to

4 =

3‘77——— . — —
X

X1

1

Fig. 2. Representation of the stress state at any point within a region at yield.
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this shearing direction. Let ¢» measure the angle between the x,-axis and the tangent
to the o-line, so that

dx,

de =~ tan¢ on a-lines. (7

In terms of the (o, f8, x;) coordinate system, the stress state at any point in a yielded
region is thus,
0,3 =0, 045 =k, (8)
so that by a simple stress transformation, the Cartesian components of stress are
0,3 = —ksing, 0,3 = kcos . ©)]

Substitution of (9) into equilibrium (2a) gives the requirement

—kcos ¢ —¢ 9 _ (10)
X2
Also, since ¢ = ¢(x,, x,), the chain rule gives
0P 0p
do —fdxl o, ——dx,. an
Combining (7), (10), (11), one finds the equilibrium requirement to reduce to
d¢ =0 along a-lines; (12)

that is, the a-lines, which are the stress characteristics, must always be straight. Thus,
the stress state in any region at yield can be represented by a family of straight o-
lines, on which the stress state is given by (8).

3. ASYMPTOTIC SOLUTIONS TO THE GOVERNING EQUATIONS

3.1.  Admissible types of near-tip solution sector

Despite the relative simplicity of the anti-plane shear form of the governing equa-
tions compared, e.g., to plane strain, it nevertheless appears that closed-form ana-
lytical representations of the growing crack stress and deformation fields at all angles
about the crack tip are only possible asymptotically, for r — 0. Rice (1982) has given
a general analysis and review of leading-order (in r) asymptotic solutions for elastic—
plastic crack growth ; here we briefly review these results for the Mode III problem.
Stress boundedness demanded by (3) with some plausible existence assumptions on
stress derivatives (Drugan, 1985) requires that

003

or

r -0 asr—0, i=1,2, or r0, (13)

and thus the asymptotic (r — 0) form of equilibrium (2b) is
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003

00

ta,=0. (14)

The asymptotic form of the flow rule is obtained by first applying (13) to (6) to find

r&zasinGG—; asr—0, 15
so that (5) becomes, to leading order as r — 0
1 a Jo .
D;; = ——si — Ao, 1
i3 2Grsm9<09>i3+ O3, (16)
where again index 7 has range 1, 2 or r, 8, and we observe that, exactly,
Jdo 00,5 oo 0043
_ " — = - A 1
(ae>,3 a0 o <ae>03 a0 o0 17
When (14) is applied to the §-derivative of yield (3b), one finds that in near-tip

(r — 0) plastic regions

00,;
0,3 20 —ayp; | =0. (18)

This implies that there are only two possible types of near-tip at-yield solution sector :
(1) “Centered fan” plastic sectors, in which a,; = 0, so that from (14) and (3b)
0,=0, 0y =+k; (19)
(i1) “Constant stress” plastic sectors, in which da,5/00 — 6y = 0, so that from (14) and
a stress transformation
0,5 = constant, o¢,; = constant, (20)

where the constants satisfy (3a).

The third and final possible type of near-tip solution sector is one in which the rate
of deformation is purely elastic, so that A = 0in (16). In such a sector, the asymptotic
stress field is governed by equilibrium (14) and the following compatibility require-
ment applied to (16) with A =0

aD,3 @(VD(B) . 0 . 60',3 _
o =0 = 0 sin 6 50 " =0. (21)

Simultaneous solution of (14) and (21) gives the leading-order stress field for an
instantaneously elastic sector :

a3 =(A+BOk, o5 =(C+Bln|sin 0]k, 22)

where A, B and C are constants. Use of (22) in the 3 component of (16) with A =0
gives, after integration by r and then enforcing the 63 component of (16), the leading-
order velocity field in such a sector (absent rigid-body motion) :
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k R
U3 = —Baall’l <r>, (23)

where R is an undetermined constant with length dimensions.

3.2.  Exact solution in the centered fan plastic sector

Observe that the asymptotic stress field solution in the centered fan plastic sector,
given in (19), corresponds to a-lines (stress characteristics) that are rays emanating
from the crack tip. Now, as reviewed at the end of Section 2, stress characteristics
must be straight lines everywhere in regions at yield. Thus, we immediately conclude
that the exact representation for the stress field everywhere in a centered fan plastic
sector (i.e., from the crack tip all the way to the elastic—plastic boundary) is that of
(19), namely (choosing the + sign, as will apply in our solutions)

lo,=0, o =+k] (24)

We now apply the full (i.e., not restricted to small r) form of the flow rule for steady-
state crack growth, (5) with (6) and (17), together with the exact stress field (24), to
calculate the exact velocity and A fields everywhere in a centered fan sector. The r3
component of (5) gives exactly:

1 Ov, I {a.
D, _Mr_ZG[sm 0(—k)_, (25)

r

integration of which gives the exact velocity field representation

k. R
vy =d [sm 01ln <r> -l—f(@)}

where f(0) is an undetermined function of integration. Then, using (26), the 03
component of (5) can be solved for the exact A field :

(26)

} a R y
A= 3G [ms@ln <r>+f (0)} : (27

Of course (24)—(27) are also valid asymptotically as r — 0.
Rice (1968) showed for steady-state crack growth that (26) can be written as

eRp(0)>

k .
vy = aasmGln ( , (28)

where e is the natural logarithm base and R,(0) is the location of the elastic—plastic
boundary. For the special case of small-scale yielding crack growth, to be considered
later, Freund and Douglas’ (1982) numerical finite element results for the quasi-
statically growing crack show that for all angles within the centered fan region, an
excellent approximation is:
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R,(0) = 0.295 <[k<>2 cos 0, (29)

where K is the Mode III stress intensity factor. Thus, for small-scale yielding steady-
state crack growth, comparison of (26) with (28) and (29) shows we may write :

K 2
R =0.802 <k> , f(0) =sinfIn(cosb). (30)
3.3.  Chitaley—McClintock asymptotic sector assembly

Chitaley and McClintock (1971) provided the first complete near-tip solution to
the stress and deformation fields near a growing Mode I1I crack in the material under
consideration, by showing that the near-tip solution sectors just discussed can be
assembled in the manner shown in Fig. 3 such that all boundary and continuity
conditions are satisfied and so that A > 0 everywhere. As the figure shows, the solution
involves a centered fan plastic sector ahead of the crack, joined to an elastic unloading
sector at 0 ~ 19.71°, which extends to a very small constant stress plastic sector at
0 ~ 179.63°.

The dominant terms for r — 0 in the stress and velocity fields are summarized
below :

0<0<19.71°:
k R
6,3 = 0, 0-93 = +k, U3 = *aSinell’l <>
G r
19.71° < 0 < 179.63°:
. k R
0-23 :(A+Be)k, 0-13 :(C+Bln|sln0|)k, U3 = —Badln 7
179.63° < 0 < 180°:
k R
o3=k, 0,;=0, v3=—B—=aln (), 31
G r

where
A=1.0574, B= —0.33728, C= —0.70385.
Observe from these that the Chitaley-McClintock solution completely specifies the

92=179.630 91:19.710

elastic %
k

Fig. 3. The Chitaley—McClintock near-tip solution for a growing crack.




Solutions for elastic—plastic crack growth 2369

leading-order near-tip stress and deformation fields from the asymptotic analysis
alone : everything is specified in the system (31) except the scaling parameter R. Thus,
it is very difficult to see how this solution could describe the actual fields over a region
of physically significant size near a Mode 111 growing crack, since one would anticipate
that different far-field geometries and loadings would surely affect the crack fields in
such a region, as they do e.g. for cracks in linear elastic materials. Further, the
Chitaley—McClintock solution appears to be substantially different from the results
of detailed numerical finite element simulations of Mode III crack growth, as noted
earlier and discussed in further detail in the next section. Nevertheless, the asymptotic
analysis approach just reviewed does not appear to permit any other leading-order
solutions that satisfy all requisite conditions. A new analytical approach, directed at
resolving this apparent discrepancy, is the subject of the remainder of the paper.

4. NEW ANALYTICAL APPROACH TO SOLUTION OF GROWING CRACK
FIELDS

4.1. Motivation

We have just reviewed the fact that the Chitaley and McClintock (1971) solution
for the leading-order stress and deformation fields is not capable of reflecting different
far-field specimen geometries and loadings. Further evidence that the Chitaley—
McClintock asymptotic solution does not in general represent the state of affairs over
a physically significant radius at all angles about a growing crack tip is provided by
the detailed numerical finite element steady-state crack growth solutions of Dean and
Hutchinson (1980) and Freund and Douglas (1982). These authors carried out small-
scale yielding solutions for Mode III quasi-static elastic-ideally plastic crack growth
in the same material model employed here. The key results of the Dean—Hutchinson
analysis are conveyed in Fig. 4, which is a reproduction of Fig. 3 of their paper. In
this figure, the straight lines are stress characteristics, or a-lines, described above. The
solution shows an active plastic region which, close to the crack tip, extends from the
line ahead of the crack up to about 0 ~ 41°, clearly greatly at variance with the 19.71°
prediction of the Chitaley-McClintock solution. Since Dean and Hutchinson’s near-
tip quadrilateral elements were 0.4% of the maximum plastic zone radius, they
concluded that assuming the Chitaley—McClintock asymptotic solution to be correct,
it must be attained within a near-tip radius that is less than 1% of the plastic zone
size. Furthermore, although these numerical results do appear to show that the stress
characteristics in the range 0 < 0 < 20° emanate from the crack tip, and hence appear
to comprise a centered fan plastic region, those in the remaining plastic range appear
not to emanate from the crack tip.

The Freund and Douglas (1982) solution confirms these conclusions, and implies
an even smaller potential radius of validity for the asymptotic solution. Figure 5
shows the elastic—plastic boundary determined by the more accurate Freund—Douglas
computation, for the stationary and quasi-statically growing crack cases; it is a
reproduction of Fig. 5 of their paper with the dynamic results removed. As compared
to the Dean—Hutchinson solution, the Freund—Douglas growing crack results exhibit
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Fig. 4. The Dean and Hutchinson (1980) small-scale yielding steady-state crack growth solution.
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Fig. 5. The Freund and Douglas (1982) small-scale yielding steady-state crack growth solution ; the elastic—
plastic boundary is represented by the dashed line (solid line—stationary crack).



Solutions for elastic—plastic crack growth 2371

a plastic zone that extends from the line ahead of the crack to about 50°, with the
unloading boundary being nearly a straight radial line at this angle; also, the
maximum radial extent of the plastic zone is about 20% less than that of Dean and
Hutchinson. Although Freund and Douglas did not plot the stress characteristics,
they commented that the principal shear direction did appear to be essentially radial
only in the range 0 < 6 < 20°, thus confirming the Dean—Hutchinson findings while
exhibiting an even larger angular range of nonradial stress characteristics (roughly
20° < 0 < 50°).

These solutions suggest that the near-tip field should be a modification of that in
Fig. 3, containing an additional plastic sector, of non-radial characteristics, adjoining
the rear of the centered fan plastic sector. However, if the asymptotic analysis
approach reviewed in Section 3 is employed to derive the near-tip fields, one cannot
assemble such a four-sector near-tip field without violating the nonnegative plastic
work requirement; this was stated without proof both by Dean and Hutchinson
(1980) and by Rice (1982).

Thus, the Dean and Hutchinson (1980) and Freund and Douglas (1982) full-field
solutions show that, at least to within the resolution of their detailed numerical
analyses, the Chitaley and McClintock (1971) solution does not characterize small-
scale yielding growing crack fields, and yet the near-tip solution structure suggested by
these numerical solutions cannot be reproduced by the asymptotic analysis approach
reviewed in Section 3. This suggests strongly that this asymptotic approach is not
sufficiently general.

Based on this evidence, we now present a new, more robust approach for deriving
the crack tip fields. Broadly, this approach will involve derivation of an exact repre-
sentation of the stress and velocity field solution everywhere in a propagating plastic
region comprised of non-centered characteristics, in terms of some initially-undeter-
mined functions; such exact solution representations will be derived in the other
regions too. Then, by enforcing continuity conditions and (second-order) asymptotics
applied to these solutions, when a region of non-centered characteristics follows a
propagating centered fan, we will derive an explicit representation of the near-tip
fields in such a region and show that it can indeed be part of a complete near-tip
solution.

4.2.  Exact solution representation in plastic region trailing a centered fan

As just reviewed, the Dean and Hutchinson (1980) and Freund and Douglas
(1982) numerical solutions show the presence of a substantial region of active plastic
deformation, whose stress characteristics do not emanate from the crack tip, adjoining
the trailing boundary of a centered fan plastic sector near a growing Mode III crack.
The anti-plane strain governing equations are sufficiently manageable to allow an
exact representation of the stress and velocity field solution in this region, in terms of
some initially undetermined functions, as will now be shown.

With reference to Fig. 6, suppose a centered fan plastic Region A extends from
ahead of the crack to an angle 0,, where it is bordered by a plastic Region B containing
non-radial stress characteristics. As suggested by the Dean—Hutchinson and Freund—
Douglas numerics, Region B will border an elastic unloading Region C at a boundary
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S

Fig. 6. Anticipated solution configuration, illustrating plastic Region B involving non-radial stress charac-
teristics and introducing new Cartesian coordinate system Xx, y.

S, and we do anticipate a plastic reloading Region D due to the form (22) of the
near-tip elastic sector stress fields. (The more accurate Freund—Douglas solution did
capture such a small plastic reloading zone.) It will be convenient to introduce the
new Cartesian coordinate system illustrated in Fig. 6, which is centered at the crack
tip, moves with the growing crack and is oriented such that x lies along the rear fan
boundary 0,.

The exact solution for the fields in Region B is possible because, as was reviewed
in Section 2, the stress characteristics must be straight lines everywhere in plastic
regions. This means that in terms of the x, y Cartesian system of Fig. 6, the stress
characteristics in Region B can be represented as:

y =&+m(dx, (32

where ¢ is the characteristic coordinate, i.e., it is (a different) constant along each
characteristic. Equation (32) is obviously the equation of a family of straight lines,
each of which has a y-intercept ¢ and a slope m which in general is different for
each characteristic. The function m(&) is initially undetermined. We require stress
continuity across 0 = 0,, which is y = 0; this line is a stress characteristic. This fact
applied to (32) yields:

Ony=0, m=¢=0 = m(0)=0. (33)

An exact stress field representation in Region B, in a form convenient for exact
velocity field analysis, is now deduced by adapting the results (7)—(9) : namely, if at
an arbitrary point in Region B, i is defined to be the angle which the stress charac-
teristic passing through that point makes with the x-axis, then the stress components
in terms of the x, y system are:

0, = —ksiny, o, =kcosy, (34)

where by definition and application of (32)

d
= arctané = arctan m(¢&). (35)
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Thus, substitution of (35) into (34) gives an exact stress field representation every-
where in Region B, with the only unknown being the function m(¢) :

km(¢&) ~ k (36)

O3 = > 0,3 T |
' J1+m? (&) ' V1+m* (&)

Observe that (36) satisfy stress continuity with the centered fan across 6 = 0,, since
via (33) £ = 0 and m(0) = 0 there.

To solve exactly for the velocity field everywhere in Region B, we apply the full
form (5) of the flow rule, rewritten as

1 . .
D; = %(T)i‘f‘/\fz‘s (37

where now 7 has range x, y, having defined
T= O-,\'3ex + 0)13ey’ (38)

where e,, e, are unit vectors in the x, y directions, respectively. In terms of the x, y
coordinates, the steady-state simplification (6) applied to T becomes, using (38)
ot

oot ) ot .
t= —aa— —a[cos@1 ax—smﬁ1 8)}

_ . ao—x.? . ao—,\‘?’ . 00'},3 . 607‘3
= —q (cos 0, o —sin 0, 3y )ex—a (cos 0, ox —sin 0, 3y )e},. (39)

By taking partial derivatives of (32) with respect to x and y, one calculates, respec-
tively,
oc__—me ef_ 1
ox  14xm' (&) & 1+xm'(é)’

where a prime indicates differentiation with respect to a function’s argument. Now,
combining the two flow rule equations (37) to eliminate A gives
0v, v,
I 2 e
7 ox x

dy

This equation becomes, in terms of the exact stress field representation (36), using
(39), (40) and simplifying

0, 0, km'(&)(sinf, +mcos b))
— 4=

(40)
1 .
= 6(0);31'ex—ax3r'e),). 41

— +m = — .
ox ay G [14xm' (&)]/1+m’

This is a linear first-order partial differential equation for v;. To solve it, observe that
the left side is the directional derivative along a stress characteristic :

0v; 0v; v,
E— — = 1 2 . = 1 27 4
e +m 3 < 14+m”n-Vo, +m n (43)

where we have defined n to be a unit vector directed along any characteristic :

(42)
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_etm(e,

J1+m*

and n measures distance along any characteristic, so that on any specific characteristic
in Region B,

(44)

X 1
— = cosy = cos(arctanm) = ————. (45)
n \/1+7

Thus, (42) becomes, using (43) to rewrite its left side and (45) to substitute for x:
661;3: _aﬁ m’(&)(sin 0, +mcos0,) (46)

S atm) [1+ ) }

1 +m?

This can now be integrated along any characteristic, where & is constant; doing so,
and then using (45) to express 7 in terms of x gives the solution

Uy =d—

G n Lo’ (&) + 1]+ F(9)

(47)

ok { (sin0, —anost%)1

J14+m?

where F(¢) is an undetermined function of integration. It is straightforward to verify,
by substitution and use of (40), that (47) is indeed the general solution to (42) ; that
is, it is an exact representation of the velocity field everywhere in Region B of Fig. 6.

To derive an exact expression for A in Region B, return to the full form (37) of the
flow rule ; writing the i = y component and solving for A gives:

. 1 [dv; 1,
A= 20,7 [Oy -t e}]. (48)

Using (36), (39), (40), (47) and simplifying, (48) becomes

a {m/(f)(m sin 0, _COSQ')IH [xm' (&) +1]

A= G &+ 1] L+

() o' (@)
1+m?>  xm'(&)+1

+(sin91+mcos(91)[ }—i— 1+m2F’(£)} (49)

4.3.  Enforcement of continuity conditions with centered fan sector

We have shown that the exact stress, velocity and A field solutions everywhere in
Region B of Fig. 6 are (36), (47) and (49). These solutions involve two as-yet
undetermined functions, m(&) and F(£). We now show that enforcement of appro-
priate continuity conditions with the centered fan sector will enable determination of
substantial information about these functions.

Stress continuity with Region A of Fig. 6 (i.e., across 6 = 6,) has already been
enforced ; this led to condition (33). The elastic—plastic discontinuity analysis of
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Drugan and Rice (1984), which was rigorously substantiated and extended by Drugan
(1998), proves that all stress components must be continuous across a propagating
boundary such as 0 = 0, here. Their analysis does not rule out a v; jump across this
boundary provided it produces positive plastic work, but the Dean—Hutchinson (1980)
and Freund-Douglas (1982) numerical solutions show no evidence of such a jump,
so solutions with continuous v; will be sought here. Thus, noting that (33) reminds
that to approach 6 = 6, from within Region B one takes the limit as ¢ — 0, we next
require that the exact velocity field expressions (26) and (47) be equal along 0 = 0, ;
this gives the condition

-0

. (sin@, +mcos6,)
lim < — 1
1+m?

for all x from the crack tip to the elastic—plastic boundary. One must contemplate the
three possibilities for m'(¢) as £ —0: m'(§) » 0; m’(£) - constant; m’(&) - 0. A
little analysis shows that only the last of these will permit (50) to be satisfied, and this
will in addition require a specific asymptotic form for F(&). Thus, velocity continuity
(50) requires

n[xm’(é)—l—l]—}—F(f)} =sin6, In <f>—|—f(91) (50)

mi(¢)—»>ow asi-0 (51a)
and

(sin0, +mcos 91)1

1+m?

where we have retained terms in F(¢) that vanish as £ — 0 which will nevertheless
permit A continuity across 0,.
For & — 0, (33) and (51) render (47) and (49) more explicit :

e = ak{sin01+mcos91 ln[ R’ (&)
UGl J1em? xm' (&) +1

L an® L . R (©)

A= 26 (&) 1] {1 +m2\cos01 —msinf,)In [xm’(i)—kl}

m" (&)
L+m®  m(©)xm’ (&) +1]

F(¢) - n[Rm'(&)]+f(0, +arcsinh(m)) asé—0, (51b)

}—Ff(Ol)} as ¢ -0, (52)

—|—(sin(9]+mcos(9])[ }-l—f’(@l)} asé—0. (53)

Thus, making use of (33) and (51a), observe that for £ — 0 for any fixed x, (52) does
indeed reduce to (26) evaluated on 6 = 6,, while taking the same limit of (53) results
in

m" (&)
xm' (&)

. a R . ,
Azsz{cosﬂ.ln<x>+(sln91—|—mcos91) +f(91)} as £ —~ 0 for fixed x,

(54)

which reduces to (27) evaluated on 6 = 6,, provided that
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- (m'@))
i s ©

4.4. Can Region B have finite angular extent for r — 0?

Let us assume first that Region B of Fig. 6 subtends a finite angular extent for
r— 0, terminating at 6 = 6,, say (where this is not the same 6, of the Chitaley—
McClintock solution summarized earlier). On any ray within Region B, say 6 = 6*,
where 0, < 0* < 0,, we have

y = xtan(6*—0,). (56)

Combining this with (32), the equation of Region B’s characteristics, and expressing
the result in terms of the polar coordinate system of Fig. 1 gives:

¢ =y—m()x = y[l =m(J) cot(0* —0)] = rsin(0* —0,)[1 —m() cot(0* —0,)].
(57)

As r— 0 along any ray 6 = 6* in Region B, ¢ — 0 (consider Fig. 6), so that m(&) — 0
via (33) ; thus along any such ray, (57) shows that asymptotically :

& =rsin(0*—0,) asr—0alongf = 6*. (58)

In order that Region B can have a finite angular extent for r — 0, it must satisfy the
condition that A > 0. Let us examine (53) for r — 0 along any ray 0 = 0* in Region
B. To facilitate this, observe via (58) that

xm' (&) = cos(0* —0,)rm/(rsin(0* —0,)) -0 asr—0along 0 = 0* (59)

due to (33). Thus, applying (33), (51a) and (59), the leading-order terms in (53) as
r — 0 along any ray 0 = 0* in Region B are:

"

A =% Jeos0,m@) In[Rer (@] +sin0, "o as - 0 along 0 = 0%, (60)
2G (&)
Thus, for A > 0 we must have, recalling that £ —» 0 as r —» 0 along 0 = 0*:

m"(&)+cotO,m*(E)In[Rm’'(E)] =0 asé—0. (61)

It is proved in the Appendix that no m(¢) exists that satisfies (61) together with (33)
and (51a) ; thus, Region B cannot subtend finite angular extent in the » — 0 limit.

4.5.  Determination of Region B’s unloading boundary

We have just proved that Region B cannot subtend finite angular extent all the way
to the crack tip, yet the Dean—Hutchinson and Freund-Douglas numerical results
reviewed above show that Region B has significant angular extent (about 30°, accord-
ing to the more accurate Freund—Douglas results) down to a very small distance from
the crack tip. The only possibility permitting reconciliation of these two facts is that
the boundary (labeled S in Fig. 6) between Region B and the elastic Region C
following it must coincide with the fan boundary 8 = 6, at r = 0, but curve strongly
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away from it, toward increasing 6, for r > 0. We now show that this is indeed the
case, and derive an explicit asymptotic representation for this boundary S.

A specific representation for the function m(&) in Region B cannot be derived from
a near-tip analysis alone : this function depends on the far-field loading and geometry
of the specimen, and is determined by continuity conditions across the elastic—plastic
boundary between Region B and the outer elastic field (see Fig. 4 ; the more accurate
Freund—Douglas numerical solution, Fig. 5, does not exhibit the concavity of the
trailing elastic—plastic boundary in this figure). Thus, () can only be derived from
a full-field solution of the growing crack problem, which is not feasible analytically.
Nevertheless, enforcement of stress and velocity continuity with the centered fan
sector provided two strong conditions, (33) and (51a), on the asymptotic structure of

m(&):
m(&) -0 and m'({) > o0 asé—0. (62)

Perhaps the simplest form for m(&) that satisfies these conditions while retaining a
fair degree of generality is

m(&é) = <g>p, O<p<l, b>0. (63)

Here, the parameters b and p are as yet unspecified ; it will turn out that b, which has
length dimensions, can only be determined by matching with far-field conditions, and
hence represents how the near-tip fields are affected by far-field loading and specimen
geometry.

An additional restriction on form (63) is imposed by the requirement A > 0 for
¢ — 0 at any fixed x; (54) shows this is guaranteed only if p is restricted to the range

0<p<j. (64)

With p in this range, (63) satisfies (55), so that A is continuous across 6, [it is >0
there, as shown by (54) with (55)].

The shape of boundary S, which divides Region B from the elastic unloading
Region C, can now be determined. One relation valid along S is the equation of
Region B’s characteristics which, substituting (63) into (32), is

y= et (f))x along S. (65)

The other condition we impose is that A = 0 along S: although strictly speaking this
is not required in nonhardening material, it will be true in the presence of even the
slightest hardening, so that a nonhardening solution with this feature can be regarded
as the expected limiting result of a hardening solution as hardening vanishes. Indeed,
this is precisely the way the numerical procedures of Dean—Hutchinson and Freund—
Douglas obtain the nonhardening solution, so it would appear that our attempt
to analytically rationalize these numerical solutions should enforce this condition.
Substitution of (63) into (53) and requiring A = 0 gives an equation for ¢ along S.
[Use of (53) is valid because we have shown that .S must approach 6, as r — 0, hence
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Fig. 7. Location and shape of boundary S of Fig. 6 with respect to the x, y coordinates of that figure, for
a range of admissible values of the parameter b.

¢ —0asr — 0along S.] The complete form of this equation is not solvable analytically.
Thus, we shall pursue two approaches: we will solve this full equation numerically
for ¢; and we will solve an asymptotic (r — 0 along S) version of it analytically. In
both approaches, the results for ¢ as a function of x are substituted into (65), which
is then an equation for the shape of S.

Figure 7 displays the results of the accurate numerical determination of boundary
S just described, with p = 0.346425 for reasons derived later and using the small-scale
yielding value in (30) for R to facilitate comparison with the finite element solutions;
the abscissa and ordinate of Fig. 7 are the x, y axes of Fig. 6. Boundary S is
plotted for several b values within its admissible range 0 < b < co. Observe that for
b = b/(K/k)* values above about 1, the boundary is essentially indistinguishable from
the Sector A/B boundary (6 = 6, in Fig. 6, which is the abscissa here) for a significant
distance from the crack tip. However, somewhat below 5 ~ 1, the tangency of the
two boundaries becomes indistinguishable on the scale shown (which corresponds to
the plastic zone size; see Fig. 5), and the boundary shape becomes almost a straight
line that makes an increasingly larger angle with the abscissa as b continues to increase.
Thus, for b-values lower than about 0.5, say, Region B has a significant angular extent
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to within an extremely small radius from the crack tip, and hence the Chitaley—
McClintock solution has questionable physical validity, whenever R differs little from
(30).

To determine an analytical expression for boundary S, we perform an asymptotic
analysis for r — 0 along S. First, note from the analysis in Section 4.4 that it is not
possible to find S having A = 0if xm’(¢) — 0 (or a constant, by a slight generalization)
as r — 0 along S. Thus, S must be shaped such that

xm’(§) > oo asr—0alongS. (66)

When (66) is satisfied, the leading-order terms in A from (53) are:

. . R "
A= ﬁ"x {cos 0, ln; +sin 6, % —|—f’(01)} asr— 0 along S, 67)
so that A = 0 gives the requirement :
1 m” 1. p
— —; +cotl, —In—=0 asr—0alongs, (68)
x> m X X
where
/7(0)
=R —= . 69
p = Rexp LOS 1 (69)

Substituting m (&) from (63) into (68) and then solving for & gives (retaining only
the dominant term) :

2 1/(1=2p)
i~[1ppcot0121nx} asr — 0 along S. (70)

Using (70) and (63), one confirms that (66) is indeed satisfied for any p in the range
(64). Thus, substituting for & from (70), (65) gives the near-tip equation for boundary

S:
2 s s+1 s
y [ p X P .
b= [l_pcowl] <b> <lnx> asr — 0 along S, (71)

where we have defined

P

Observe that (71) asymptotes to y = 0, i.e., to 0 = 6, as required. It will also prove
convenient to represent S in polar form, as:

0=0,4+q,(r) asr—0alongsS. (73)
Then
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y=rsin(0—0,) ~rq,(r), x=rcos(0—0,) ~r asr—0alongs, (74)
so that (71) shows

r) = —pz £0, “1n? S —0al S (75)
-
q,(r I pco 1pn asr along S.

For the specific case of small-scale yielding crack growth, R and f(0) are given by
(30), so that from (69)
2
p = Rexp [In(cos0,) —tan® 0,] = 0.664 <lk(> i (76)

Result (70), with (63) and (74), show upon substitution into (36) and (52) that
through second-order as r — 0 along S, the stresses and velocity are:

2

0.3 = —k[ 4 cot@llr)ln'ﬂ,

l—p
k pz r ,0 2s
0,3 _k_2|:1—pCOt01bln}‘ , (77)
) k ] R COS@I p2 7\ p s+ 1
vy = aG[sm&ln p +£(0))+ sl <1_pcot01 b lnr . (78)

5. HIGHER-ORDER STRESS AND VELOCITY FIELDS

5.1.  Exact representation of growing crack fields

As shown in Section 3.2, eqns (24), (26), (27) give the exact representation for the
stress, velocity and A fields everywhere in the centered fan sector, Region A of Fig.
6, from the crack tip all the way to the elastic—plastic boundary.

In Region B of Fig. 6, we have shown that the stress, velocity and A fields have the
exact representations (36), (47) and (49), in terms of the undetermined functions
m(&), F(¢). When conditions (33) and (51) are used, v; and A specify to (52), (53).
Form (63) enables complete determination of the stress, velocity and A fields in
Region B, at least for & — 0: substitution of (63) into (32) gives the characteristics’
equations everywhere in this region as

y=¢+ (i) x. (79)

With b determined for a specific far-field geometry and loading, (79) is solved for
& = &(x,p), and this result is substituted into (63). The stress fields are then given by
(36), while v; and A are given by (52), (53). Note that the solution of (79) for
& = &(x, ), and hence the representation of the stress, velocity and A fields, is imposs-
ible in closed form.
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An exact representation of the stress and velocity fields in Region C of Fig. 6, the
elastic unloading region, is also possible in terms of undetermined functions. The
complete governing equations are, from (2a), (4a), (5) with A = 0, and (6) :

00,5 005, v, a 0oy;  Ovs a 00,4

=0, " T Gax an - Gax (80a,b,c)

0x, 0x,

These are solved exactly, as follows : equating 0*v,/0x, dx, as calculated from each of
(80b,c) and using (80a) to eliminate o5 gives

0? 0?
= e =0, 1
<6x% 6x§>023 ®1)

the general solution to which can be represented as the real part of an arbitrary
analytic function w(z), where z = x, +1ix,, with 1 being the imaginary unit:

0,3 = kRe[w(2)]. (82)
Then using this in (80a) gives
682113 = — 6(7(;223 = —kRe[w (i =kIm[w(z)] = 03 =k{Im[w(z)]+g(x,)},
(83)
where g(x,) is an arbitrary function. Thus, combining (82) and (83), we have
[0:s +io1s = k{(w(@) +ig(x)) | (84)

To solve for vs, integrate (80b) with respect to x,, use (83) for g5, and substitute the
resulting expression for v; into (80c), using (82) for ¢,;5. The result is:

vy = —d%lm [w()] | (85)

Thus, (84), (85) are exact representations for the stress and velocity fields everywhere
in Region C in terms of the undetermined functions w(z) and g(x,).

For Region D of Fig. 6, the plastic reloading region, the traction-free crack face
condition requires that g,; = 0 on x, = 0, x; < 0. The facts that this region is at yield
and that the stress characteristics must be straight lines (Section 2) show that the
exact stress field everywhere in this region must be (choosing the sign to agree with
the Chitaley-McClintock solution)

|013:kn ‘723:0|- (86)
The flow rule (5) is, using (4a) and (6):

0v, a 0o,

ox, G 0x,

+2A6,5, a=1,2, (87)

where the first right-side term is identically zero via (86). Thus, solving (87) first for
o = 2 and then for « = 1, using (86), gives the results:
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0=l | 9
La (89)
A—2Gh (x|,

where /'(x,) = 0 to satisfy A > 0 but is otherwise undetermined. (Note that for the
other sign choice in (86), A > 0 would require 4’(x,) < 0 from (89), which via (88) is
physically implausible.) Thus, (86), (88), (89) are exact representations of these fields
everywhere in Region D, in terms of the undetermined function /4(x,).

5.2.  Higher-order asymptotic analytical representation of fields in Regions C, D

As noted earlier, it does not seem possible to specify analytically in closed form the
undetermined functions in the above exact representations for the fields everywhere
in Regions B-D.

As an alternative, the forms (77), (78) suggest that an explicit analytical rep-
resentation for these fields in Regions C and D can be determined asymptotically, for
r — 0. (Apparently for Region B, one must work with the full representation derived
earlier for this region.) Beginning with Region C, it appears simplest to rewrite the
functions appearing in the general solution representations (84), (85) as:

R
w(z) = 1B ln; + A+ w*(2), (90)

R
g(x;) = —Bln
X2

+C+g*(x,), on

where the starred functions vanish as » — 0. The terms containing the (real) constants
A, B, C correspond to the leading-order solution given earlier in (22).
The fields in Region C are thus:

0,3 = k[A+ BO+ Re w*(2)],

015 = k[C+ Bln |sin 0]+ Im w*(2) + g*(x,)], 92)
k R
vy = —aa [Blnr +Im w*(z)}. (93)

The fields in Region D are given by (86) and (88), the latter of which we rewrite as

vy = —dg [Bln (fl)—l—h*(xl)—‘

94

where /1*(x,) — 0 as r - 0. Furthermore, we represent the boundaries of Region C as:
S: 0=10,+q,(), 95)
Sep: 0=0,+q,(r), (96)
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where ¢,(r), ¢,(r) = 0 as r —» 0, and Scp, represents the boundary between Regions C
and D.

Finally, using (77) and (78), the fields through second order for » — 0 along S,
derived from Region B, are:

) ) p2 r p s
013 =0, c080, —a,38in6, = —ksinf, —kcosf, | ——cotf, -In— |,
; 1—p b r
] ) p2 r p s
013 =0 8in0, +0,3c080, = kcost, —ksin0, [Hcotﬁl blnr} , 97)
k. R cosf, [ p? rN o p\T!
v;-aG[sm@llnr +f(0,)+ sl <l_pcot91b lnr . (98)

Now, stress and velocity continuity through second-order along S and S, give the
values of leading-order results summarized in (31) and Fig. 3 [one of which is that
B = —sin 0], and the following second-order conditions (i.e., neglecting higher-order
terms), having employed (75) with (86) and (92)—(98) :

Rew*(rei”) =0, (99a)

Imw*(re) = —g*(rsin0,) = — Csoj_ell <1p_2p cot 0, 2>T <1n/;>x+l, (99b,¢)
—sin0,¢,(r)+Rew*(rei2) = 0, (99d)

—sin 0, cot 0,¢,(r) +Imw*(re”?) +g*(rsin 0,) = 0, (9%¢)

Im w*(re%2) = h*(rcos 0,). (990)

These suggest that we attempt to satisfy (99) with second-order functions of the
forms:

WH(z) = (C, +iC) <Z> <1n Z)H | (100)

705 = Cs @2) <1n)fz>s+l. (101)

We shall use the fact that, for r — 0,

s+1
s+1 s+1 9 s+1 K
<lnp> - (mp) P R (mp) (s )0 <lnp> el (102)
z r B r r

In
B

Then, substitution of (100), (101) into (99a—¢) shows that the latter are satisfied to
the order expressed if :



2384 W.J. DRUGAN

1 ] 2 K}
C, = —H_—lsmsé)l cos 0, <1p_pcot01>, (103a)
C, =cotsh,Cy, (103b)
C,
Cy= ——, 103
’ sin s0, sin® 0, (103¢)
_ 1y cossty—Cysinstn) (1) (n2) 103d
%(”)—Singl( 1 cos 50, —C, sin st,) b nr s ( )
. sin 0, \*
coss(0,—0,)+cot0,sins(0,—0,)—(——=—] =0. (103e)
sin 0,

The last condition, which arises from (99¢) via substitution from (103a—d), determines
admissible values of s, given that the leading-order solution specifies :

0, = 0.34402576, 0, = 3.1351945. (104)
Solutions of (103¢) having s > 0, as mandated by (64) with (72), are:
s =1.12787,2.25339,3.37893,4.50448, .. ., (105)
which via (72) correspond to p values of, in corresponding order :
p = 0.346425,0.409203, 0.435549,0.450045, ... . (106)

From (105) and the previous results, e.g. (77), (78), we see that the strongest second-
order correction corresponds to the smallest admissible s-value, i.e., the first in (105),
whose corresponding p-value is the first in the list (106). This is the reason for the use
of this p-value in Fig. 7. We have thus determined, via (103) and the first of (105),
(106), the complete second-order correction to the fields in Region C, except for
specification of the parameters b and p. The values of these parameters are anticipated
to change for different far-field loadings and specimen geometries. However, for the
small-scale yielding steady-state crack growth case analyzed by Dean—Hutchinson
and Freund-Douglas, p is given by (76), and observe from Fig. 7 that to match the
Freund—-Douglas unloading boundary location of 8 ~ 50° (which would correspond
to an angle of ~30° in Fig. 7 since this is plotted with respect to the x, y coordinates
of Fig. 6), we have

b~ 0.1(K/k)>. (107)

Thus, the stress and velocity fields through second order in Region C are given by
(92) and (93) with (100), (101), (103a—d), (104), the first of (105), (106), and (76),
(107).

_ In Region D, the stress field is exactly given by (86). To determine the velocity and
A fields through second order in this sector, we use (100) to solve (99f) for i*(x,),
and employ (103a,b):
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1 p? cotl, x,\ [, pcosO,\™!
* — [ J s
h*(x,) = o8 0, coss(0,—0)) <1 cos0, b In X, . (108)

Thus, the velocity and A fields through second order are given by (88) and (89) with
(104), the first of (105) and (106), (108) and the fact that we earlier defined

V1

h(x,) = —Bln (f)—h*(xl). (109)
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APPENDIX

Here we prove that no m(&) exists that simultaneously satisfies (33), (51a) and (61), which
are, respectively :

m(é) >0 asé—-0, (A1)
m'(&) >0 asé—0, (A2)
m" (&) +cotO,m(E) In[Rm’ ()] =0 asé—0. (A3)

Since it is easy to find an m(¢) that satisfies (A1) and (A2) but violates (A3), it is sufficient to
show that no m(&) exists satisfying (A1)—(A3) with the equality in (A3). Defining
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n' (&) = Rm'(9), (A4)
and multiplying (A3) with the equality by R gives
n'(@+en?(@In[n' (@] =0 as&-0, (AS)
where we have defined the positive constant ¢ = cot 0,/R. Separating (AS5) and integrating gives
d(n’)
—_— = as 0. A6
Jn’z In(n") & < (A6)

We desire a solution to this for ¢ — 0, where n” — co. In this limit, an integration by parts of
(A6) shows

1
n'In(n) =— asé—0. (A7)
29
Now define
1
) zylny=;, where y =n’, x=cL. (A8)

We assume 0 < x < o0 and 1 < y < o0, and observe that for x in this range, y = f~'(1/x)
exists. We examine whether /~'(1/x) is integrable at x = 0.

Consider the integral
¢ 1
I= J ! <f>dx, (A9)
. X

where 0 < ¢ < ¢ < o0. Using (A8), change xin [to y:

EERY LA FYCA T o L
I = J“ (=x)f <;>d<;> = J‘”g |:—f2(y)j|ydf(y)

AR (] 41 dv
=J ) dy (A10)
lae Y Inty
Now, as ¢ = 0, f~'(1/¢) — o0, so that I becomes :
* 1+Iny)d 1 *
1=J %= [——Hn(lny)} , (A11)
rtae yInty Iny )

which clearly diverges. Thus, '~ '(1/x) is not integrable at x = 0. This proves, tracing back
through (A8) and (A4), that if the minimal condition (A3) with equality sign is enforced, along
with (A2), the resulting m(£) cannot satisfy (Al).



